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PREFACE 


For tho last fifty years or more engineers and metallurgists have 
been making hardness measurements of metals as a means of 
assessing their general mechanical properties. This book is an 
attempt to explain hardness measurements in terms of some of 
the more basic physical properties of metals. It does not deal 
with the atomic and crystalline mechanism of elastic or plastic 
deformation, but starting with the assumption that metals 
possess certain elastic and plastic characteristics it shows that 
the hardness behaviour of metals may be expressed in terms of 
these characteristics. It is .hoped that this presentation will 
provide, for physicists, engineers, and metallurgists, a better 
understanding of what hardness means and what hardness 
measurements imply. In writing this book a good deal of em- 
phasis has been placed on tho physical concepts involved, so 
that the non-mathematical reader may grasp and appreciate 
the general physical picture, without following the more detailed 
treatment. 

No attempt has been made to describe in detail the practical 
techniques involved in hardness measurements. These have 
already been described in a masterly fashion in H. O’Neill’s 
book on The Hardness of Metals and Its Measurement (Chapman 
and Hall, London, 1934), which contains a full bibliography up 
to 1933; in S. R. Williams’s book on Hardness and Hardness 
Measurements (Amer. Soc. Met. 1942), which contains an exten- 
sive bibliography up to 1941; and in F. C. Lea’s book on Hard- 
ness of Metals (Griffin, London, 1936). There is, in addition, a 
short booklet on Hardness by D. Landau (The Nitralloy Cor- 
poration, N.Y., 1943), and I have found a good deal of helpful 
information in a mimeographed article by A. F. Dunbar on 
A Critical Survey of Hardness Tests (Australian Institute of 
Metals, Conference 1945). 

My indebtedness to others is very great: to Mr. G. Brinson 
of the Division of Tribophysics, C.S.I.R.O., Melbourne, who 
carried out some of the earlier experiments; to Dr. W. Boas 
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and Prof. T. M. Cliorry (Melbourne), to Mrs. Tipper, Dr. E. 
Orowan, and especially Dr. N. F. Nye and Dr. R. Hill (Cam- 
bridge) for helpful discussions; and to the Engineering Depart- 
ment, Cambridge University, and some of the staff, for the 
generous way in which they made available their testing equip- 
ment and their time. 

The work described here arose out of an earlier investigation 
in Cambridge, between 1936 and 1939, on the area of contact 
between metal surfaces. The experimental work on hardness 
was commenced in the Division of Tribophysics, C.S.I.R.O., 
Melbourne, in 1945 and has been continued, amongst other work, 
in the Research Laboratory on the Physics and Chemistry of 
Surfaces, Cambridge. Throughout this period I have been very 
grateful to Dr. F. P. Bowden for his constant encourage- 
ment. 

Except where otherwise stated, the experimental results 
quoted here have been obtained by the author or Ills colleagues. 

D.T. 

RESEARCH LABORATORY ON THE THYSICS 
AND CHEMISTRY OF SURFACES 
DEPARTMENT OF PHYSICAL CHEMISTRY 
CAMBRIDGE 

January 1950 
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CHAPTER I 
INTRODUCTION 

In his introductory essay on the hardness of metals O’Neill 
(1934) has wisely observed that hardness, ‘like the storminess 
of the seas, is easily appreciated but not readily measured’. In 
general hardness implies the resistance to deformation. If we 
accept the practical conclusion that a hard body is one that is 
unyielding to the touch, it is at once evident that steel is harder 
than rubber. If, however, we think of hardness as the ability 
of a body to resist permanent deformation, a substance such as 
rubber would appear to be harder than most metals. This is 
because the range over which rubber can deform elastically is 
very much larger than that of metals. Indeed with rubber-like 
materials the elastic properties play a very important part in 
the assessment of hardness. With metals, however, the position 
is different, for although the elastic moduli are large, the range 
over which metals deform elastically is relatively small. Conse- 
quently, when metals are deformed or indented (as when we 
attempt to estimate their hardness) the deformation is predomi- 
nantly outside the elastic range and often involves considerable 
plastic or permanent deformation. For this reason, as we shall 
see, the hardness of metals is bound up primarily with their 
plastic properties and only to a secondary extent with their elas- 
tic properties. In some cases, however, particularly in dynamic 
hardness measurements, the elastic properties may be as impor- 
tant as the plastic properties of the metals. 

Hardness measurements usually fall into three main cate- 
gories: scratch hardness, indentation hardness, and rebound or 
dynamic hardness. 

Scratch hardness 

Scratch hardness is the oldest form of hardness measurement 
and was probably first developed by mineralogists. It depends 
on the ability of one solid to scratch another or to be scratched by 
another solid. The method was first put on a semi-quantitative 

4980.20 B 


2 


INTRODUCTION 


CH. I 


basis by Mohs (1822), who selected ten minerals as standards, 
beginning with talc (scratch hardness 1) and ending with 
diamond (scratch hardness 10). Some typical values are given 
in Table I. 


Table I 


Mohs Hardness Scale 


Material 

(Minerals) 

Mohs 

hard- 

ness 

Material 

(Metals) 

Mohs 

hard- 

ness 

Material 

(Miscellaneous) 

Mohs 

hard- 

ness 

Talc 

1 

Lead 

1-5 

Mg(OH) a 

1*5 

Gypsum 

2 

Tin, cadmium 

2 

Finger-nail 

2-2*5 

Calcite 

3 

Aluminium 

2*3-2*9 

Cu,0 

3*5-4 

Fluorite 

4 

Gold, Mg, Zn 

2-5 

ZnO 

4-4*5 

Apatite 

5 

Silver 

2-7 

Mn 3 0 4 

5-5*5 

Orthoclaso 

6 

Antimony 

3 

Fe t O # 

5*5-0 

Quartz 

7 

Copper 

3 

MgO 

6 

Topaz 

8 

Iron 

3*5-4*5 

Mn s O s 

6*5 

Corundum 

9 

Nickel 

3*5-5 

SnO, 

6*5-7 

Diamond 

10 

Chromium (soft) 

4*5 

Martensite 

7 



Cobalt 

5 

MoC 

7-8 



Rhodium 

0 

v,c. 

8 



Osmium, n 



TiC 

8-9 



tantalum, 







tungsten. 


7 





silicon, 







manganese , 



AljOj (sapphire) 

9 



Chromium (hard 

8 

MojC ; SiC ; VC \ 




electro-deposit) 


WjC; WC / 

9-10 



Case-hardened 

8 

Boron diamond 

10+ 



steel 





The Mohs hardness scale has been widely used by mineralo- 
gists and lapidaries. It is not, however, well suited for metals 
since the intervals are not well spaced in the higher ranges of 
hardness and most harder metals in fact have a Mohs hardness 
ranging between 4 and 8. Further, the actual values obtained 
may depend in an unpredictable way on the experimental proce- 
dure, in particular on the inclination and orientation of the 
scratching edge. 

Another type of scratch hardness which is a logical develop- 
ment of the Mohs scale consists of drawing a diamond stylus, 
under a definite load, across the surface to be examined. The 
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hardness is determined by the width or depth of the resulting 
scratch; the harder the material the smaller the scratch (see, for 
example, Bicrbaum, 1920; Hankins, 1923; O’Neill, 1928). The 
method has some value as a means of measuring the variation 
in hardness across a grain boundary (O’Neill, 1928). In general, 
however, the scratch sclerometer is a difficult instrument to 
ojxTate. In addition the scratching process itself is a compli- 
cated function of the elastic, plastic, and frictional properties 
of the surfaces so that the method does not easily lend itself to 
a theoretical analysis. We shall not discuss scratch hardness 
any further here. 

Static indentation hardness 

The methods most widely used in determining the hardness 
of metals are static indentation methods. These involve the 
formation of a permanent indentation in the surface of the metal 
to be examined, the hardness being determined by the load and 
the size of the indentation formed. Because of the importance 
of indentation methods in hardness measurements a general dis- 
cussion of the deformation and indentation of plastic materials 
is given in Chapter III. 

In the Brinell test (Brinell, 1900; Meyer, 1908) the indenter 
consists of a hard steel ball, though in examining very hard 
metals the spherical indenter may be made of tungsten carbide 
or even of diamond. The general characteristics of the Brinell 
test arc described in Chapter II and a theoretical explanation 
is provided in Chapters IV, V, and VI. Another type of indenter 
which has received wide use is the conical or pyramidal indenter 
as used in the Ludwik (1908) and Vickers (see Smith and Sand- 
land, 1925) hardness tests respectively. These indenters are now 
usually made of diamond. The hardness behaviour is different 
from that observed with spherical indenters and the charac- 
teristics are described and explained in Chapter VII. Other 
types of indenters have at various times been described, but 
they are not in wide use and do not involve new principles. 
For this reason our discussion of static indentation tests will 
bo restricted to spherical and pyramidal (or conical) indenters. 
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As we shall see, the indentation hardness of metals may in 
general be expressed in terms of the plastic and, to a lesser 
extent, the elastic properties of the metals concerned. 

Dynamic hardness 

Another type of hardness measurement is that involving the 
dynamic deformation or indentation of the metal specimen. In 
the most direct method an indenter is dropped on to the metal 
surface and the hardness is expressed in terms of the energy of 
impact and the size of the remaining indentation (Martel, 1895). 
In the Shore rebound scleroscope (Shore, 1918) the hardness is 
expressed in terms of the height of rebound of the indenter. 
These methods are discussed in Chapter VIII, and it will be 
shown that dynamic hardness may be expressed quantitatively in 
terms of the plastic and elastic properties of the metal. Another 
method which is, in a sense, a dynamic test is that employed 
in the pendulum apparatus developed by Herbert in 1923. Here 
an inverted compound pendulum is supported on a hard steel 
ball which rests on the metal under examination. The hardness 
is measured by the damping produced as the pendulum sw ings 
from side to side. This method is of considerable interest, but 
it does not lend itself readily to theoretical treatment and will 
not be discussed further. 

Area of contact 

Finally in Chapter IX we shall discuss the area of real contact 
between metal surfaces. This is often of considerable interest 
in engineering practice and the conclusions derived in the earlier 
chapters may be readily applied to this problem. As we shall 
see, the area of real contact depends little on the apparent area 
of the surfaces and is determined essentially by the plastic 
properties and, to a lesser extent, by the elastic properties of the 
surfaces and of the surface asperities. 


CH. I 


5 


INTRODUCTION 

REFERENCES 
Bikkbauh, C. (1920), Iron Age , 106, 1; (1923), Trans. Amcr. hist. 

Mining Met . Engrs. 69, 972; (1930), Metal Progress, 18, 42. 
Dkinell, J. A. (1900), II. Cong. Int. M ethodes d'Essai , Paris. For the first 
English account see A. Wahlberg ( 1 901 ), J. Iron & Steel Inst. 59, 243. 
Hankins, C. A. (1923), Proc. Instn. Mech. Engrs. 1, 423. 

H HUBERT, E. G. (1923), Engineer , 135, 390, 686. 

Lcdwik, P. (1908), Die Kcgdprobe , J. Springer, Berlin. 

M \rtel, R. (1895), Commission des M ethodes d'Essai dcs MaUriaux de 
Construction , Paris, 3, 26 1 . 

Mkykk, E. (1908), Zcits.d. Ycrcines Dcutsch. Ingenicurc , 52, 645. 

Mohs, F. (1822), Grundriss dcr Mineralogie, Dresden. 

O N kill, H. (1928), Carnegie Schol. Memoirs, Iron & Steel Inst. 17, 109. 
— (1934), The Hardness of Metals and Its Measurement , Chapman and 
Hall, London. 

Shore, A. F. (1918), J. Iron & Steel Inst. 2, 59. (Rebound sc.) 

Smith, R., and Saxdland, G. (1922), Proc. Instn. Mccli. Engrs. 1, 623 ; 
(1925), J. Iron do Steel Inst. 1, 285. 

For general accounts of hardness measurements, the following books 
may bo consulted : 

Lka, F. C. (1936), Hardness of Metals, Charles Griffin & Co., London. 
Lysaoht, V. E. (1949), Indentalicm Hardness Testing , Roinhold. Pub. 
Corp. N.Y. This book appeared after the present monograph was 
prepared for publication. It contains a very good descriptive 
account of the Rockwell tests, a full account of the Knoop test, 
and some interesting observations on the hardness of non-metals. 
O’ N kill, H. (1934), The Hardness of Metals arid Its Measurement , 
Chapman and Hall, London. This contains a full bibliography up 
to 1933. 

Williams, S. R. (1942), Hardness and Hardness Measurements , Amer. 
Soc. Met. This contains a full bibliography up to 1941. 


CHAPTER II 


HARDNESS MEASUREMENTS BY 
SPHERICAL INDENTERS 


Brinell hardness 

In the Brinell hardness test (Brinell, 1900) a hard spherical 
indenter is pressed under a fixed normal load on to the smooth 
surface of the metal under examination. When equilibrium has 
been reached, say after 15 or 30 sec., the load and indenter 
are removed and the diameter of the permanent impression 
measured. The Brinell hardness number (B.H.N.) is then ex- 
pressed as the ratio of the load W to the curved area of the 
indentation. Hence if D is the diameter of the ball and d the 
chordal diameter of the indentation, 


B.H.N. = 


2 W 


( 1 ) 


7dD*[l— V{l-(d/2>) 2 }]' 

In most cases the B.H.N. is not a constant for a given metal 
but depends on the load and the size of the ball. On general 
physical principles we should expect that for geometrically 
similar indentations, whatever their actual size, the hardness 
number should be constant. This is found to be the case. If a 
ball of diameter D x produces an indentation of diameter d v the 
hardness number will be the same as that obtained with a ball 
of diameter D 2 producing an indentation of diameter d 2 , pro- 
vided the indentations are geometrically similar, i.e. provided 
the angle of indentation is the same in both cases (see Fig. 1 a). 


This occurs when dJDj^ = djJD 2 . 

A little consideration will show that the B.H.N. is not a satis- 
factory physical concept, for the ratio of the load to the curved 
area of the indentation does not give the mean pressure over the 
surface of the indentation. Let us assume that the mean pres- 
sure is P. If there is no friction between the surface of the 
indenter and the indentation the pressure is normal to the 
surface of the indentation. Consider the forces on an annulus 
of radius x and width ds (Fig. 1 6). The area of the annulus 
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lying on the curved surface of the indentation is 2ttx ds and the 
force on it is P2ttx ds. The horizontal component of this force, 
by symmetry considerations, is zero. The vertical component 
is P2ttx dx. If wo take the sum over the whole surface area 
of the indentation, the resultant horizontal force, as we should 

W 




Eic. 1. (a) Geometrically similar indentations produced by spherical indenters 
of different diameters. (6) Calculation of mean pressure between a spherical 
indenter and the indentation assuming that there is no friction at the interface. 

expect, is zero. The resultant vertical force which is equal to 
the normal load W is simply 


«* 

W = f P2nx dx = Pna 2 , 


where 2 a is the chordal diameter of the indentation. Conse- 


quently 


P _JL 

7Td 2 


Thus the mean pressure between the surface of the indenter and 
the indentation is equal to the ratio of the load to the projected 
area of the indentation. | This quantity, as a measure of the 
hardness, was first proposed by Meyer in 1908 and is referred 
to as the Meyer hardness. Thus 


4 w 

Meyer hardness = — - . 

7T d 2 


( 2 ) 


The use of the curved area in the Brinell test was originally 
introduced to try and compensate for the effect of work- 
hardening. As we shall see, however, this only introduces 

t This also applies to conical and pyramidal indenters, discussed in Chapter 
V 1 L. The mean pressure between the indonter and the indentation is again given 
by the ratio of the load to the projected area of the indentation. 


8 


HARDNESS MEASUREMENTS BY 


CH. II 


farther complications and the Meyerhardness is a much more 
satisfactory concept. Wo may note that both the Brinell and 
the Meyer hardness numbers have the dimensions of pressure 
and are usually expressed as kg./mm. 2 These may be readily 
converted to tons/sq. in. by dividing by 1-575. 


Meyer’s law 

The relation between load and size of indentation for spherical 
indenters may be expressed by a number of empirical relations. 
The first of these, known as Meyer’s law, states that for a ball 
of fixed diameter, if If is the load and d the chordal diameter of 
the remaining indentation, 


W = kd n , 


(3) 


where k and n are constants for the material under examination. 
The valued? n is generally greater than 2 and usually lies be- 
tween 2 and 2-5. It is found that for completely unworked 
materials, i.e. for fully annealed metals, n has a value near 2*5; 
while for fully work-hardened materials it is close to 2. This is 
shown in Fig. 2 for annealed and deformed copper and alumi- 
nium and for worked steel where W and d have been plotted on 
logarithmic ordinates. The curves are straight lines of which the 
slope is numerically equal to the Meyer index n, while the value 
of W at which d is equal to 1 is numerically equal to k . This 
method of analysing indentation measurements is known as the 
Meyer analysis since it provides a simple means of deriving both 
k and n . 

When balls of different diameters are used, the values of k and 
n change. For balls of diameters D v Z> 2 , Z> 3 ,..., giving impressions 
of chordal diameters d ly d 2 , d 3 ,..., a series of relations is obtained 
of the type w = ^ d „, = ^ ^ = ^ d n, (4) 

In a very extensive series of investigations Meyer (1908) found 
experimentally that the index n was almost independent of D 
but that k decreased with increasing D in such a way that 


a = k x v = hDr 2 = * 3 Dr 2 ..., 


(5) 
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Fia. 2. Plot of load W against chordal diametor d of indentation pro- 
duced by a hard spherical indonter in a metal surface ; logarithmic 
ordinates. For annealed motals the slopo n is nearly 2*5 ; for work- 
hardonod motals it is noarer 2. The relation between W and d is given 
by \V ~ kd n , where n is Meyer’s index. Tho valuo of W at which 
d = 1 is numerically equal to k. 

where A is a constant. Thus tho most general relation involving 

both d and D is 

T Ad* Ad* _ Ad% 

W ~ D?-* - 2>£- 2 ~ Dg~ a 


(6) 
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Two interesting conclusions follow from equation (6). We 
may first rewrite it as 



For geometrically similar impressions the ratio djD must be 
constant. Hence W jd z is constant. But this ratio is proportional 
to the Meyer hardness; and the Brinell hardness is simply a 
geometrical factor, depending on d/D, times the Meyer hardness. 
Thus equation (6) is consistent with the view that geometrically 
similar indentations give the same Meyer or Brinell hardness 
number. 

Similarly we may write equation (6) in the form 



Again for geometrically similar indentations the ratio djD must 
be constant; consequently the ratio W/D 2 must be constant. 
This means that with a ball of 10 mm. diameter and a load of 
3,000 kg. the indentation obtained is geometrically similar to 
those obtained with a 5-mm. ball and a load of 750 kg. or a 
1-mm. ball and a load of 30 kg. In all three bases the hardness 
values are essentially the same. This conclusion is widely used 
in practical hardness measurements. 

It should be noted that the principle of geometric similarity 
is a fundamental physical concept and does not depend on the 
form of Meyer’s equations. Indeed, as we shall see in Chapter V, 
equation (2), the most general relation embodying this principle 
is of the form 

where ip is some suitable function. Equation (6 a) is simply a 
special case of equation (6 c), so that the Meyer relation given 
in equation (6) is essentially a special case of the principle of 
geometric similarity rather than the explanation of it. 

On the other hand, equation (66) depends on the form of the 
Meyer relation. As the Meyer relation is not exact, the equiva- 
lence of a 10-mm. ball with a 3,000-kg. load and a 1-mm. ball 
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with a 30-kg. load is not exact. For most practical purposes, 
however, the difference is small enough to be ignored. 

In practical hardness tests the diameter of the indentation 
may be measured directly as in BrinelFs or Meyer’s method. In 
other tests the depth of the indentation may be measured as in 
the Rockwell test, or the load required to give a fixed depth of 
indentation may be determined as in the Monotron test. These 
and other practical methods are described in O’Neill, but will 
only be discussed briefly in this book (see Chapter VII). It is 
clear that the fundamental behaviour is determined by the two 
empirical equations of Meyer. Iitihe following chapters we shall 
provide a theoretical basis for these equations and show how 
the hardness may be expressed in terms of more fundamental 
physical properties of the metals. Before doing so, however, it 
is of some interest to consider a few practical points connected 
with hardness tests involving the use of spherical indenters. 

Comparison of Brinell and Meyer hardness 

It is interesting to compare the Brinell and the Meyer hard- 
ness values at various loads. The results for annealed and highly 
deformed copper specimens are plotted in Fig. 3. It is seen that, 
for the highly worked copper, the Meyer hardness is essentially 
constant and independent of the load, i.e. the mean pressure 
resisting indentation is approximately constant, corresponding 
to a value of 2 for the Meyer index n . The B.H.N., however, 
at first nearly constant, falls with increasing load because of the 
increase in size of the curved area of the indentation. Thus the 
B.H.N. at higher loads may be smaller than at smaller loads, 
giving the impression that the metal is softer for larger indenta- 
tions. 

This misleading characteristic of the B.H.N. is also marked 
w ith materials which can undergo appreciable w r ork-hardening. 
For example, with annealed copper the mean pressure resisting 
indentation, that is the Meyer hardness, increases steadily as the 
load (and hence the size of the indentation) is increased. This 
is attributed to the w'ork-hardening of the metal by the indenta- 
tion process itself. The B.H.N., however, again rises at first, and 
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then falls with increasing load. Thus the B.H.N. at high loads 
might lead us to believe that the metal has been less work- 
hardened than at medium loads. This is clearly not the case. 



Chordal diameter of indentation (mm) for indenter of 10mm diameter. 

Fig. 3. Brinoll hardness and Meyer hardness values for annealed and work- 
hardened copper as tho size of the indentation is increased. The Moyer hardness 
values lie on a monotonic curve. The Brinell hardness values first increase and 
then decrease for large indentations as a result of tho increasing area of the 
curved surface of tho indentation. The Brinell values thus make it appear that 
for large indentations the metal is softer than for small indentations. 


It is evident that the Meyer hardness number is a more satis- 
factory and more fundamental concept in the measurement of 
indentation hardness. 

Validity of Meyer’s law 

Meyer’s relation W = kd n is found to hold for balls sub- 
merged almost to their diameters. There is, however, a lower 
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limit to the validity of Meyer’s law. For small loads, giving 
small indentations, logarithmic plotting of the points gives 



Fig. 4. Plot of W against d. Tho relation W = kd n is valid for larger 
indentations but for smaller indentations n increases towards an upper 
valuo of about 3. Curve I, steel W, D = 10 mm.: Curve H, steel 
Ay D = 10 mm.: Curve HI, soft iron, D — 20 mm. (From data 
given by O’Neill, 1934.) 

unduly high values of the index n. This effect is shown in 
some results taken from O’Neill’s book for balls of diameter 
D = 10 mm. and D = 20 mm. (see Fig. 4). It is seen that for 
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in^xf ntpyiii;)i)p; (greatc^- fhfS^bout d- '0-5 mm. „ Meyer’s law is 
obeyed and the normal values of n are obtained; Meyer, in fact, 
fixed the lower limit of validity at a value of about djD = 0*1. 
As we shall see, however, this lower limit depends on the hard- 
ness of the metal under examination. For smaller indentations 
n increases towards an upper limit of about 3. 

Effect of surface roughness 

It is found that over a wide range of experimental conditions 
the surface roughness has little effect on the size of the indenta- 
tion produced, provided the indentation itself is large compared 
with the dimensions of the asperities. This conclusion is of some 
practical importance, for it means that a high degree of surface 
finish is not necessary for making satisfactory hardness measure- 
ments on a metal specimen. In addition a finely etched steel 
ball will give the same hardness values as a smooth polished ball. 
This is particularly useful at smaller loads where the smooth 
ball does not always produce a clearly defined indentation. 

‘Shallowing’ of the indentation 

When the load and indenter are removed it is found that the 
indentation left in the metal surface has a larger radius of 
curvature than that of the indenting sphere. Some very careful 
measurements by Foss and Brumfield (1922) have shown that 
the indentation is symmetrical and of spherical form, but that 
its radius of curvature may, for hard metals, be as much as three 
times as large as that of the indenter. This effect, which is re- 
ferred to in the hardness literature as ‘shallowing’, has generally 
been ascribed to the release of elastic stresses in the metal speci- 
men, and a number of empirical relations have been derived to 
correct the ‘shallowing’ in practical hardness measurements. 
Little w r ork, however, of an analytical nature has been carried 
out to relate this directly to the elastic properties of the metal 
and the indenter. 

There is also a diminution in the chordal diameter of the 
indentation when the indenter is removed, but in general the 
effect is small and does not as a rule exceed a few per cent. It 
follows that, because of shallowing, depth measurements of the 
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'recovered’ indentation are much more unreliable than measure- 
ments of the chordal diameter of the ‘recovered’ indentation. 
In eflect the mean pressure derived from the diameter of the 
‘reoovered’ indentation will be the same, to within a few per 
cent., as the mean pressure existing between the indenter and 
the surface before the load is removed. 


4 Piling-up’ and ‘sinking-in’ 

As a result of the displacement of metal from the indentation 
itself there is appreciable deformation of metal around the 



(a) (b) 


Fio. f>. Deformation around the indentation produced by a spherical indenter : 
(cj) ‘piling-up* which is observed with highly workod materials, (6) ‘sinking-in’ 
which is observed with annealed materials. The effects have been exaggerated 
to show more clearly tho deformation relative to the original level (dotted lino). 

indentation. In some cases there is an upward extrusion of 
displaced metal so as to form a raised crater. The overall 
diameter of this displaced metal on the surface may bo tw ice 
the diameter of the indentation and the effect is known as 
‘piling-up’ (Fig. 5a). This effect is most marked with materials 
which are highly work-hardened, for which the Meyer index n 
is nearer 2. On the other hand, with annealed metals, there is 
a tendency for the metal to be depressed around the indentation 
and this effect is known as ‘sinking-in’ (Fig. 56). This depres- 
sion is only observed close to the rim of the indentation, and at 
distances well removed from the indentation a slight elevation 
of the metal above the original surface level is usually found. 
Both the ‘piling-up’ and the ‘sinking -in’ contribute some un- 
certainty to the diameter of the indentation and a number of 
empirical corrections for these effects have been proposed. 

‘Strainless’ indentation 

It has long been recognized that the formation of the indenta- 
tion itself leads to an increase in the effective hardness of the 
metal so that the hardness test itself changes the hardness of 
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the metal under examination. This work-hardening of the metal 
during the indentation process is accounted for by the empirical 
relations of Meyer. A number of attempts have, however, been 
made to determine the 'absolute’ hardness of metals by a method 
which does not produce any work-hardening. This can only be 
achieved if the method does not produce appreciable plastic 
deformation of the metal, i.e. if it is plastically strainless. Two 
‘strainless’ methods have been attempted. The first, due to 
Harris (1922), consists of making a series of successive impres- 
sions on the same spot with a fixed load, the strain-hardening 
being removed by annealing between each application of the 
load. After about 10 anneals Harris found that the load finally 
'floated’ on the impression and produced no further increase in 
the size of the indentation. At this stage, therefore, the indenter 
was supported solely by the elastic stresses in the metal. Start- 
ing with annealed copper which gives an initial Meyer hardness 
of about 40 kg./mm. 2 , Harris found that the ‘absolute’ hardness 
at the end of the above series of indentations had fallen to about 
15 kg./mm. 2 This is close to the value obtained for direct in- 
dentation measurements at very small loads. 

Harris’s method is limited to annealed metals. Mahin and 
Foss (1939) prepared cavities in the metal under examination 
with a hemispherical cutting-tool possessing a cutting radius of 
5 mm. The cavities w T ere finished by hand grinding and polish- 
ing, and it was assumed that this method of preparing the cavity 
had not produced appreciable w T ork -hardening of the metal. 
Using an indenter of diameter 10 mm., experiments were then 
carried out to determine which cavity could support a given 
load without suffering enlargement, i.e. without undergoing 
plastic deformation. The Meyer hardness at this stage was 
considered to be the ‘absolute’ hardness of the metal, and these 
workers again found that the ‘absolute’ hardness w r as about 
one-third that of the ‘normal’ hardness of the metal. 

Ultimate tensile strength and B.H.N. 

One of the reasons for the wide use of the Brinell test in 
engineering is the existence of an empirical relation between the 
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B.H.N. and the ultimate tensile strength of a metal. The latter 
is the maximum nominal stress that a metal can experience in 
tension before it fails and is the ratio of the maximum load to 
the original cross-section of the tensile specimen. This quantity 
is of considerable practical importance, and the ratio connecting 
it with the B.H.N. is given in the following table, which is taken 
from data given by Greaves and Jones (1926). The B.H.N. is 
in kg./mm. 2 

Table II 


Metal 

_ . „ Ultimate tensile strength 

RaUO ° S B.H.N. 

Heat-treated alloy steels 

kg./mm.* 

0-33 

tons/in.* 

0-21 

Heat-treated carbon steels . 

0-34 

0*216 

Medium carbon steels . 

0-35 

0*22 

Mild steel .... 

0-36 

0*23 


It is seen that for the steels given in this table the maximum 
nominal stress (or ultimate tensile strength) is approximately 
one-third the B.H.N. when expressed in kg./mm. 2 The same 
ratio is found to hold approximately for most metals which do 
not work-harden appreciably. On the other hand, for metals 
w hich are capable of appreciable work-hardening the ratio is 
considerably larger. For example, for annealed nickel it is about 
0*49, for certain austenitic steels about 0-52, and for annealed 
copper about 0*55. Summarizing these results we may quote 
O’Neill’s conclusion that, although thore is no constant ratio 
for all metals, if the Meyer index n = 2*2 or less, the ratio is 
approximately 0-36 (for kg./mm. 2 ). If the value of the Meyer 
index n is higher than 2-2 the ratio is usually greater than 
this. 

In Chapters IV, V, and VI we shall show that Meyer’s equa- 
tions and the points described above may be explained in terms 
of the general physical processes involved when a spherical 
indenter penetrates a plastic material. Before dealing with this, 
we shall first discuss the more general problem of the deforma- 
tion and indentation of plastic materials. 

49S0.20 q 
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CHAPTER III 


THE DEFORMATION AND INDENTATION 
OF IDEAL PLASTIC METALS 

In the formation of the indentation made in Brinell hardness 
measurements we are concerned mainly with the plastic flow of 
the metal around the indenter. For this reason we shall first 
discuss briefly the nature of plastic deformation. 

Stress and strain 

Suppose we take a uniform cylinder of metal and subject it 
t o a tensile or compressive stress along its axis. Wo measure the 
change in dimensions, i.e. the strain as a function of the deform- 
ing stress. The stress may be defined in two ways. If the 
cylinder maintains a uniform section as it is extended or com- 
pressed, the true stress is the tensile or compressive force divided 
by the cross-sectional area of the specimen at that stage of the 
deformation. On the other hand, the nominal stress is the ten- 
sile or compressive force divided by the original cross-sectional 
area of the specimen. 

The strain may also be defined in several ways. The simplest, 
known as the linear strain, is the fractional increase in length 
of the specimen, so that if l 0 is the original length and l the 
length at any later stage, e = (l—l 0 )/l 0 . For extension e is 
positive, for compression it is negative. Instead of using the 
lengths we may use the cross-sectional areas A 0 and A. Since 
in plastic deformation there is a negligible volume change, 
l 0 A 0 = l A = constant, so that for plastic deformation 

€ ” * - Al ~ — -j- • 

Another way of measuring strain (which has been widely used 
in wire-drawing) is in terms of the reduction of area. We may 
call this the areal strain, and it is defined as 

r A ' 
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CHAPTER III 


THE DEFORMATION AND INDENTATION 
OF IDEAL PLASTIC METALS 

In the formation of the indentation made in Brinell hardness 
measurements we are concerned mainly with the plastic flow of 
the metal around the indenter. For this reason we shall first 
discuss briefly the nature of plastic deformation. 

Stress and strain 

Suppose we take a uniform cylinder of metal and subject it 
to a tensile or compressive stress along its axis. We measure the 
change in dimensions, i.e. the strain as a function of the deform- 
ing stress. The stress may be defined in two ways. If the 
cylinder maintains a uniform section as it is extended or com- 
pressed, the tme stress is the tensile or compressive force divided 
by the cross-sectional area of the specimen at that stage of the 
deformation. On the other hand, the nominal stress is the ten- 
sile or compressive force divided by the original cross-sectional 
area of the specimen. 

Tho strain may also bo defined in several ways. The simplest, 
known as the linear strain, is the fractional increase in length 
of the specimen, so that if Z 0 is the original length and l the 
length at any later stage, e = (Z— Z 0 )/Z 0 . For extension € is 
positive, for compression it is negative. Instead of using the 
lengths we may use the cross-sectional areas A 0 and A. Since 
in plastic deformation there is a negligible volume change, 
Z 0 .*l 0 -IA = constant, so that for plastic deformation 

e_(z 3J — 3 — 

Another way of measuring strain (which has been widely used 
in wire-drawing) is in terms of the reduction of area. We may 
call this the areal strain, and it is defined as 

_ -^o ^ 

r A * 
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It is seen that this differs somewhat from the linear strain e, 
especially for large reductions. We may also note that it is 
positive for extension and negative for compression. 

If large deformations are involved it is often more satisfactory 
to use the logarithmic strain c*. This is obtained from the 
element of strain at any stage d ** = (dl)/l so that e* = log r Z/Z 0 . 
One case in which the advantage of the logarithmic strain is 
apparent is in the comparison of extension and compression 
experiments. If a uniform cylinder is extended uniformly to 
twice its length, the linear strain is c = (2 / 0 — ? 0 )// 0 = 100 per 
cent. In compression the specimen would have to be squeezed 
to zero thickness to give a linear (negative) strain of 100 per cent. 
On general grounds we should expect the strain on compressing 
a cylinder to half its length to be the same (though opposite in 
sign) as that obtained on extending the cylinder to twice its 
length. This occurs with logarithmic strain, since for extension 
€* = log e 2 whilst for compression 

= logei = log, l-log c 2 = -log, 2. 

It is interesting to note that the same agreement between 
tensile and compressive strain is obtained, if we use the linear 
strain e in the tensile experiment and the areal strain e r in the 
compressive experiment. Thus an extension of the specimen to 
double its length gives a value of € = 100 per cent., whilst 
a compression to half its length gives a (negative) value of 
€ r = 100 per cent. The reason for this agreement, when the 
strains at first sight appear to be mutually inconsistent, is 
simple. According to the definition of logarithmic strain, the 
strain in tension is equivalent to the strain in compression when 
the ratio l/l 0 in tension is equal to the ratio l 0 /l in compression. 
This equivalence remains equally valid if we subtract unity 
from each ratio. Thus the tensile and compressive strains are 
equivalent if the term l/l 0 — 1 {= (Z— Z 0 )/Z 0 } in tension is equal to 
the term IJl—l {= (Z 0 — Z)/Z} in compression. The first term is 
simply the linear strain e. The second term, remembering that 
A 0 Z 0 = Al , is the areal strain e r w r ith a negative sign. It follows 
that if the logarithmic strain gives equivalent strains for tension 
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and compression, similar agreement will be found between the 
linear strain for tension and the areal strain for compression. 

For most purposes it is sufficient to use the linear strain, and 
this we shall do in the following discussion of the stress-strain 
characteristics of metals under tension. 

True stress-strain curves under tension 

We first consider the behaviour of an ‘ideal’ plastic metal 
under tension and plot the linear strain € as a function of the 



Fig. 6 . Tmo stress-strain curve for ideally plastic metal under tension. 
OA is the (reversible) elastic region and the slope of OA is equal to Young’s 
modulus. The metal yields plastically at the elastic limit Y 0 (point B) and 
tho yield stress remains constant after further deformation. At any sub- 
M'quent stage, if the stress is removed, tho stress-strain curve follows 
tho reversible path DO '(or D'O'D”). 


true stress Y. At first there w f ill be a slight increase in length, 
which is proportional to the applied stress. Over this range, 
where Hooke’s law is obeyed the deformation is elastic and on 
removing the tension the cylinder will return to its original 
length ( OA , Fig. 6). The slope of the line OA, i.e. the ratio of 
stress to strain, is Young’s modulus of the metal. When the 
st ress reaches a certain value the cylinder will increase in length 
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in a non-reversible way, and the stress at which this occurs is 
called the clastic limit F 0 . If the material does not work-harden, 
i.e. if the stress remains constant during extension, the stress- 
strain curve is a straight line ( BC , Fig. 6) parallel to the strain 
axis. If, at any point D, the stress is reduced, the cylinder 
contracts elastically along the curve DO ' where DO' is approxi- 
mately parallel to AO, When the stress is completely removed 
the cylinder will have suffered a permanent plastic deformation 
of amount 00'. On increasing the stress again the deformation 
will proceed elastically along O'D and then deform plastically 
farther along DC. In practice most metals show a slight hys- 
teresis and the stress-strain curve obtained when the stress is 
removed and re-applied is of the type shown in curve D'0"D". 
This effect, however, is usually small and it is sufficiently 
accurate to consider the stress-strain curve to follow the straight 
line characteristic DO'. Materials for which Y is constant and 
which have a stress-strain curve similar to that shown in Fig. 6 
are called ‘ideal* plastic (strictly — elastic-plastic) materials. No 
real metals are known which have these properties, but it is 
possible to obtain a close approximation to them (see below). 

In practice all metals work-harden as a'result of the deforma- 
tion itself and the stress-strain curve is of the type shown in 
Fig. 7. Once plastic yielding has commenced the stress required 
to produce further yielding increases, at first rapidly and then 
more gradually.! Thus at any point D the stress required to 
produce further plastic flow is no longer the initial yield stress 
Y 0 but a larger stress, so that the yield stress varies with the 
amount of deformation to which the metal has been subjected. 
With many metals the dependence of the yield stress Y on the 
deformation e may be expressed approximately by a relation of 
the type Y = be x (Nadai, 1931). If at the point D (Fig. 7) the 
stress is removed, the specimen contracts elastically along the 
line DO'. Consequently if we use a specimen that has already 

t We do not consider here the special behaviour of annealed mild steel and 
some aluminium alloys which show an initial yield value (the upper yield 
point) which is followed by a drop in the yield stress for subsequent small 
strains. For larger strains, however, the yield stress again increases with strain 
and follows the course of the curve shown in Fig. 7 





Km. 7. True stress-strain curve under tension for a metal which work-liardens 
as a result of deformation. OA is the elastic region, and B marks the elastic 
limit or yield stress F 0 at which plastic deformation commences. As deforma- 
t i» in proceeds there is a steady increaso in the stress at which plastic deformation 
occurs. At tho point D if the stress is romoved, the stress-strain curve follows 
the roversible path DO'. 



Fin. 8. True stress-strain curve of a metal which has boon plastically deformed 
by the amount OO' in Fig. 7. The curve is similar to Fig. 7 except that the 
origin has been moved to O'. OD is the elastic region, D the initial yield stress 
at which plastic deformation first occurs. It is seen that the yield stress does 
not increase rapidly with further deformation so that the material is close to 
an ideally plastic motal (Fig. 6). 
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been deformed plastically by an amount of strain corresponding 
to 00' and subject it to further tension, we obtain a stress- 
strain curve shown in Fig. 8 in which the yield stress increases 
only slightly with the deformation. This is a simple and effec- 
tive way of obtaining metal specimens which approach the 
‘ideal’ plastic material described in Fig. 6. 

True stress-strain curves under tension and compression 

Similar results are obtained if metals are subjected to com- 
pression instead of tension. If the friction between the specimen 
and the compression anvils is kept very small, the stress at 
which plastic yielding first occurs is the same as in the tensile 
experiment, and the general character of the stress-strain curve 
is similar in both cases (Ludwik and Scheu, 1925). A typical 
example for partially annealed aluminium is shown in Fig. 9, 
in which the logarithmic strain €* has been plotted against the 
true stress Y. The tensile measurements, kindly carried out by 
Mrs. Tipper, were made under standard conditions of tensile 
testing; the compressive experiments were carried out between 
well-lubricated anvils. It is seen that the points obtained in the 
tensile and compressive experiments lie essentially on the same 
curve. We may also note that the experimental points lie very 
close to the curve Y = 12(€*)°' 28 , where Y is in kg./mm. 2 

It is interesting to note that if the tensile results are plotted 
in terms of the linear strain e, and the compressive results in 
terms of the areal strain e r , an equally good fit between the 
tensile and compressive results is obtained. The shape of the 
curve is similar to that shown in Fig. 9 and may be represented 
by the relation Y = llcj 25 , where e d represents the linear strain 
for the tensile results and the areal strain for the compressive 
experiments. Thus, if the strain range is not too large, the use 
of a different strain convention does not markedly affect the 
shape of the stress-strain curve or the value of the constants b 
and x in the relation Y = be*. In particular the equivalence of 
the linear strain in tension and the areal strain in compression 
means that the true stress-strain curve in tension may be 
deduced, with good accuracy, from ‘frictionless’ compression 
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experiments and vice versa. This conclusion is implicit in a 
number of points discussed at the end of Chapter V. 

If there is appreciable friction between the face of the speci- 
men and the compression anvils, the stress required to produce 
plastic flow at any stage of the experiment is higher than the 



Fig. 9. True stress-strain curve (Y — «* curve) for partially annealed alumi- 
nium. o tensile experiment, X comprcssivo experiment. The fuH lino follows 
I ho empirical relation Y =» 12(€*) o a8 , where Y is in kg./mm. 2 and <* is the 
logarithmic strain. 


true yield stress. Under such conditions the agreement between 
the tensile and compressive stress-strain curves may be poor. 

There is one further point in the deformation of metals that 
is worth recalling at this stage. The elastic properties of metals 
are due to the interatomic forces and they are very little affected 
by the amount of w T ork-hardening to which the metal is sub- 
jected. Consequently Young’s modulus, for example, depends 
little on the degree of work -hardening of the metal. For this 
reason the slope of the line O'D in Figs. 6 and 7 is essentially 
the same as that of the line OA . On the other hand, the plastic 
properties depend on the slipping of the crystals along certain 
crystallographic planes. Although ultimately these are also 
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related to the crystalline structure and the interatomic forces, 
there is no simple and obvious connexion between the elastic 
moduli and the elastic limit of metals.f It is, however, true 
that in general softer metals (i.o. metals with a lower elastic 
limit) have smaller elastic moduli, whilst harder metals usually 
have higher elastic moduli. 

Nominal stress-strain curves under tension 

It is interesting at this stage to discuss briefly the type of 
stress-strain curve that is commonly used in tensile tests by 



Fio. 10. Nominal stress-strain curve under tension for a material which 
work-liardens. Tho nominal stress reaches a maximum T m after which the 
specimen begins to fail, but the true stress still increases. 


engineers. It is usual to use the fractional increase in length for 
the strain, i.e. the linear strain, but to plot the nominal instead 
of the true stress, i.e. the load divided by the original cross- 
sectional area. A typical stress-strain curve of this type for a 
metal which work-hardens is shown in Fig. 10. The portion OA 

t An interesting derivation of tho yield stress of highly worked metals in 
terms of the atomic spacing, the crystal size, and tho elastic modulus of rigidity 
has been proposed by Bragg (1042). Similar results may also be derivod from 
tho earlior work of G. I. Taylor (1934). 
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represents the initial elastic region and A B marks the early 
stages of plastic deformation. As the extension proceeds the 
cross-section of the specimen is reduced whilst the material 
continuously work-hardens. A point C is reached at which the 
nominal stress reaches its maximum value T vv and beyond this 
stage the decrease in cross-section becomes more rapid than the 



Fig. 11. Nominal stress-strain curve under tension for an ideal 
plastic material. As soon as plastic deformation occurs the matorial 
begins to fail so that tho maximum tensile stress is very close to the 
initial yield stress F„. 

increase in true yield stress and the specimen begins to fail. It 
finally breaks at the point D . The true stress is shown in the 
broken curve, and it is seen that it increases steadily the greater 
the amount of deformation. 

Fig. 1 1 shows the stress-strain curve for an ideal plastic metal. 
As soon as plastic yielding occurs at the yield stress Y 0 the cross- 
section of the tensile specimen decreases, so that whilst the true 
yield stress remains constant the nominal yield stress steadily 
decreases until fracture occurs at D. It is clear that in this case 
the maximum nominal stress T m is essentially the same as the 
yield stress F 0 . The true stress curve is again shown in the 
broken curve. It is evident that the true stress is a more funda- 
mental concept than the nominal stress. In engineering practice, 
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however, the nominal stress is a very useful and convenient 
quantity. 

Plastic deformation under combined stresses 

So far we have described the plastic yielding of a metal under 
a uniform tension or compression. When an indenter is pressed 
on to a surface, however, the stresses are not simple tensile or 
compressive stresses. Stresses in various directions are set up 
under the indenter and we must therefore consider the conditions 
for plastic flow under combined stresses. One experimental clue 
to the behaviour of metals under these conditions is the observa- 
tion that a hydrostatic pressure will not of itself produce plastic 
deformation. In fact, if a cylinder of metal, for which the yield 
stress under uni-axial stress is Y, is subjected to hydrostatic 
pressure, it will still require a superimposed uni-axial stress Y 
to produce plastic deformation. We may therefore expect that 
if a metal is subjected to combined stresses, the only part of the 
stresses which will be effective in producing plastic deformation 
will be the part left after the hydrostatic component has been 
subtracted. Suppose a metal is subjected to a state of combined 
stress in which the principal (orthogonal) stresses are p v p 2 , p 3 . 
We may consider that this is equivalent to the sum of a hydro- 
static component K^i+^ 2 +^ 3 ) and reduced stresses 

P 1 -UP 1 +P 2 +P 3 ), Pi-l(Pi+P 2 +Ps)> and p 3 —h(Pi+p t +Pz)- 
The hydrostatic component plays no part in the plastic deforma- 
tion of the metal. Only the reduced stresses are responsible for 
producing plastic deformation, and it is found experimentally 
that this occurs when 

[Pl-\(Pl+P2+Ps)Y+[P2-\{Pl+P2-\-P*i\ 2 + 

+ 0 s— KPi+Pz+Pz )] 2 = constant 
or £[(Pi— P2) 2 +{P2—Ps) 2 +(Pa— Pi) 2 ] = constant. (1) 
For uni-axial tension (or compression) p 2 = p 3 = 0 , and plastic 
deformation occurs when the axial stress equals the yield stress 
Y , i.e. wdienpj = Y. This makes the value of the constant equal 
§F 2 , so that equation ( 1 ) becomes 

(Pi-P2) 2 +(P2-Ps) 2 +(P3-Pi) 2 = 2Y2 - 


(2) 
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This expression was originally derived by Huber (1904) and 
independently by von Mises (1913) from more general considera- 
tions of the conditions for plastic deformation. The relation is 
known as the Huber-Mises criterion of plasticity and it has been 
supported by a very large body of experimental data (see Nadai, 
1 931). 

An alternative and much earlier criterion for plastic flow was 
that proposed by Tresca (1864) and later revived by Mohr 
(1900). This was based on the view that plastic deformation 
occurs when the maximum shear stress reaches a certain critical 
value. If p v p 2 , Pa are the principal stresses, the shear stresses 
are Hp t — p 2 ), 2> 3 )> and $(/> 8 — ft). If p x > p 2 > p s the 

maximum shear stress is J(ft— ft), and it was considered that 
this parameter determines the occurrence of plastic deformation. 
We may determine the actual value of this parameter by con- 
sidering the special case of uni-axial tension. Her ep 2 = p 3 = 0 , 
so that the maximum shear stress is ip, and this clearly produces 
plastic deformation when it is equal to \Y. Tresca suggested 
that plastic flow in general occurs when the maximum shear 
becomes equal to \Y* Thus the Tresca or Mohr criterion for 
plastic flow is that 

Pi Pz = Y when p x > p t > p 3 . (3) 

With materials such as annealed mild steel there is evidence 
that the condition for plastic yielding at the upper yield point 
is nearer the Tresca (or Mohr) criterion than the Huber-Mises 
criterion. We may note, however, that there are two conditions 
under which these criteria become essentially the same. The 
first occurs when any two of the principal stresses are equal. If, 
for example, we substitute p 2 = p 3 in equation (2), the result 
is identical with equation (3). The second occurs in the case of 
two-dimensional deformation or plane strain. It may be shown 
that the condition for zero plastic deformation in the direction 
of p 2 is that p 2 = £(ft+ft). Substituting this value for p 2 in 
equation (2) the Huber-Mises criterion becomes 

Pi Pz = (2/VS)7. 

Thus the condition for plasticity is a maximum shear-stress 
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condition as in equation (3), but the value of the constant is 
about 1*15 times larger. 

Several other conditions for plastic flow under combined 
stresses have been suggested, but these are mainly of historical 
interest. One that we may mention in passing is that proposed 
by Haar and von Karman in 1909. They suggested that when 
plastic flow occurs, two of the principal stresses (say p 2 and p 2 ) 
are equal so that the metal is subjected to a hydrostatic pressure 
equal to p 2 (or p 3 ) and to a residual uni-axial stress equal to 
p 1 —p 2 (or Pi—Pz)- They suggested therefore as a criterion for 
plasticity 


Pi~Pa — Y and Pi = Pa- 


( 4 ) 


There is no physical basis for this assumption that two of the 
principal stresses are equal, but it has recently been revived by 
Russian workers, who find that by using this hypothesis it is 
possible to solve certain problems in plasticity which are other- 
wise intractable. 


Conditions for two-dimensional plastic flow 

It is outside the scope of this book to describe in detail the 
mathematical treatment of the problem of plastic deformation. 
We may, however, discuss briefly the physical principles in- 
volved and indicate the w r ay in which these have been applied 
to a number of practical problems. The starting-point is the 
assumption that plastic flow occurs when the Huber-Mises 
criterion is satisfied. In two-dimensional flow this occurs when 
the maximum shear stress reaches a critical value k 9 where 
2k = 1*157. This is similar to the condition obtained with the 
Trcsca-Mohr criterion, except that here k = £7 or 2k = 7. 
Since most of the problems solved by this method involve two- 
dimensional plastic deformation, it is evident that the treatment 
is the same whatever the criterion of plasticity adopted: there 
is merely a change in the value of k according as to w hether the 
Tresca or the Huber-Mises criterion is adopted. 

In a region in wliich the plastic strains are large compared 
with the elastic, we may consider the deformation to be deter- 
mined primarily by the plastic properties of the metal. We shall 
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first show that at any point w r here plastic flow occurs the total 
stresses can be represented by the sum of a hydrostatic pressure 
p and a shear stress k where k has the value given above. We 
consider any tw'o-dimensional element which is subjected to 
principal (orthogonal) compressive stresses P and Q (Fig. 12). f 


Q 


Q 

(Q+ k) - k 
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— P = Qt2k-*“ 


--Qt2k=(Qtk>tk— ► 



^ — (Q+ k)-f k 


t 
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Q+k 



-k — 



Hydrostatic p Shear k 


Km. 12. Diagram showing that for two-dimensional stress, the principal stresses 
/* and Q may bo replaced by a hydrostatic pressure p and a maximum shear 
stress a, where p = Q + k = P—k = J(P-J-Q) and a — k. 


These stresses completely define the stress condition on the 
dement. The maximum shear stress produced by these stresses 
is at 45° to P and Q and has a magnitude \(P— Q). We know 
that if the material in this element is flowing plastically the 
maximum shear stress has reached a critical value w hich we put 
equal to k . As we saw r above, 2k = 7 according to the Tresca- 
Mohr criterion or 2k — 1*157 according to the Huber-Mises 
criterion. It follows that P = Q-\-2k . We may thus replace the 
principal stresses by Q and Q+2k. These may be written re- 
spectively as ( Q-\-k)—k and (©+&)-(-&. The first term in each 
stress constitutes a hydrostatic pressure p = Q-\-k. The second 
terms, involving a compression k and a tension k , are equivalent 
to a pair of orthogonal shear stresses k at 45° to the direction 

f In the usual treatment it is customary to consider tenaile stresses as 
positive. The use of compressive stresses adopted hero does not substantially 
uffoot the general analysis. 
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of P and Q . These transformations are shown diagrammatically 
in Fig. 12. Thus when plastic deformation occurs, the stresses 
at any point may be expressed in terms of a shear stress k, plus 
a hydrostatic pressure p\ k is constant, whilst p may vary from 
point to point. The lines of maximum shear stress k are called 
slip-lines, but they should not be confused with slip-lines or 
slip-bands observed under the microscope. The whole domain 
of plastic flow may be covered by two families of slip-lines, the 
a and jS curves, each of which cuts the other orthogonally. If 
the hydrostatic pressure at any point is known we may at once 
deduce the principal stresses, since 


P = p+k , 

Q = p—k. 


( 5 ) 


A detailed treatment shows (Hencky, 1923; Hill, Lee, and 
Tupper, 1947) that if the slip-lines are straight lines, p is con- 
stant throughout the plastic region. If, however, there is any 
curvature of a slip-line by an angle <f> relative to a fixed direction 
(<f> positive when moving anticlockwise), then: 


p-\- 2k(f> = constant along an a Kne, 
p—2k<l> = constant along a /? line. 

This was first derived by Hencky (1923) from considerations of 
the equilibrium of an element. The value of the constant is 
determined by the boundary conditions. 

We may now consider a number of simple applications of the 
slip-line theory. Suppose a metal is deformed over a region A B 
and as a result plastic flow' also occurs in the material under the 
free surface BG (Fig. 13 a). Then the slip-lines at the free sur- 
face must make an angle of 45° with the surface. This follows 
because there must be no resultant tangential force at the free 
surface. But there must also be no resultant normal stress at 
the surface, i.e. Q = 0. Hence Q = p—k = 0 or p = k and 
P = p-\-k = 2k. This means that at the free surface there is a 
hydrostatic pressure p = k , and a maximum shear stress k. In 
terms of the principal stresses w r e may say that the normal 
stress Q = 0, whilst the transverse compressive stress P = 2k. 
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Similarly, if a hard indenter deforms a softer surface, the slip- 
lines must make an angle of 45° with the common surface of 
contact if there is no frictional force, since under these conditions 
there can be no resultant tangential force at the interface 
(Fig. 136). If, however, there is a finite frictional force, the 



s (a) (b) (c) 


Flu. 13. Slip-lines at the surface of plastically deformed metal: (a) a froe 
Mirfaco, (b) a frictionless interface, (c) an interface with friction. For (a) and 
(6) the slip-linos mako an angle of 45° to the surfaco. 

slip-lines no longer make an angle of 45° and the resultant 
tangential force arising from the components of the shear stress 
parallel to the surface is equal to the frictional force at the 
interface (Fig. 13 c). 

Suppose a tw r o-dimensional slab of an ideal plastic material 
is compressed between tw r o flat parallel anvils (Fig. 14). We 
consider the plane strain problem in which the material is con- 
fined so that there is no flow normal to the plane of the paper, 
'fhe anvils are considered undeformable and the friction at the 
interface is neglected. Then the slip-lines are at 45° to the free 
faces and at 45° to the anvil faces. It may be shown that the 
families of slip-lines are straight lines as indicated in Fig. 14, 
so that p is constant throughout the material. At the free 
surface, as we saw above, Q = p—k = 0, so that p = k. But 
the second orthogonal stress P is given by P = p-\-k = 2k. 
Hrncc the normal pressure on the anvil is given by P = 2k = Y 
according to the Tresca criterion. This is, of course, what wo 
cxjiect, since the stress to produce plastic flow under com- 
pression is simply equal to Y. It may be noted that according 
to the Huber-Mises criterion the pressure is equal to 1-157. If, 
however, the metal were allowed to flow in the third dimension, 
the Huber-Mises criterion would also give a value of Y. 

4980.20 D 
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The effect of friction at the anvil face is too complicated to 
be dealt with here by the slip-line treatment. In a subsequent 
section we shall show that it can be treated by a simpler approxi- 
mate method. The results show that the pressure is not uniform 



Fia. 14. Two-dimensional deformation (plane strain) of an 
ideal plastio metal between flat rigid anvils. The slip-line 
pattern shown is that obtained when there is no friction 
between the surfaco of the metal and the anvils. 

across the face of the anvil but is a maximum at the centre, the 
mean value being higher than the value P = 2k given above. 

Deformation of an ‘ideal’ plastic metal by a flat punch 

The only problems of plastic indentation which have been 
rigorously solved are those involving two-dimensional deforma- 
tion. We shall therefore first consider the deformation of a 
metal by a hard flat punch which is infinitely long and of 
uniform width d (Fig. 15). The metal is assumed to be ideally 
plastic, of yield stress Y. The punch is assumed to be undeform- 
able and the friction between the face of the punch and the 
metal is considered to be negligibly small. When the load is first 
applied to the punch the stresses set up in the metal will be 
given by the elastic equations. The shear stresses at the edge 
of the punch will be very high. If, in fact, the edges of the 
punch are perfectly sharp, the shear stresses reach infinite 
values as soon as the smallest loads are applied. Consequently, 
even for the smallest applied loads the metal at the regions A 
and B will be in a state of incipient plasticity (Fig. 15). At other 
parts of the metal, however, the conditions are not sufficient to 
produce plastic flow, so that the overall yielding of the metal 
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will be small and will be determined essentially by its elastic 
properties. As the load on the punch is increased, the region 
over wdiich the metal becomes plastic increases in size, until 
finally the w T hole of the material around the punch is in a state 
of plasticity and the indenter begins to penetrate the metal on 
a relatively large scale. The determination of the pressure on 


W 



Fio. 15. Two-dimensional deformation (plane strain) of 
an ideal plastio metal by a flat punch of width d . The 
onset of deformation occurs at the edges A and B. 


the face of the punch when this occurs was first derived by 
Prandtl (1920), and we may indicate how this may be obtained 
by the method of slip-lines. 

It may be shown that the slip-line pattern w hich satisfies the 
plastic equations and the boundary conditions for stress and 
displacement is of the form drawn in Fig. 16. The four isosceles 
triangles, CM A, ANE, ESB y and BTO y represent domains in 
which the slip-lines are straight lines making an angle of 45° with 
t he free face of the metal and the punch. The triangles on either 
side of the punch are connected to those beneath the punch by 
curved slip-lines which are arcs of circles wdth A and B as 
centres. The slip-lines orthogonal to these are the straight lines 
radiating from A and B. The region in which the material is 
flowing plastically is defined by the boundary CMDNESFTGC. 
Wo may now follow a typical oc slip-line starting at the point G v 
As w f e saw above, since the normal principal stress Q at this 
point is zero, p = k . Consequently the equation along this slip- 


line may be written 


p+2k<f> = k, 


w here <f> is the deviation of the slip-line from the direction O x T v 
Along G X T X there is no change in the value of p since 0 1 T X is a 
straight line. At T ly how r ever, the slip-line begins to curve until 
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the point is reached. The slip-line has now turned through 
an angle <f> = —\tt, so that for the point S 1 we may write 

p—2k$n = k. 



punch whon large-scale deformation occurs. Plano strain (Hill, 1950). 

No further change occurs in the value of <j> as the slip-lino is 
traversed from the point S x to the point E 1 so that at E x 

p = lc-\-2k\TT. 

We now determine the principal stresses at E v The stress 
normal to the surface, which is now P, is given by 
P = p+k = 2k(l+^) f 

whilst the transverse stress, which is now Q , is given by 
Q = p—k = 2^77. 

This means that the metal under the punch at the point E x is 
subjected to a normal pressure equal to 2k(\-\-\ir) and to a 
transverse compressive stress of amount 2k\ir, Similar treat- 
ment shows that the same result is obtained for all points along 
the surface of the punch. Consequently the normal pressure P 
is uniform over the face of the punch and is given by 

P = 2*(1+*7t). 


( 7 ) 
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This analysis was first given by Prandtl (1920) and Hencky 
(1923). For annealed mild steel where Tresca’s criterion holds, 
2 k = 7. For most other metals where the Huber-Mises criterion 
holds, 2k = 1-157. Thus in general, full-scale plastic flow and 
consequent indentation occur when the pressure P m across the 
face of the punch is given by 

P m = 2-67 to 37. (8) 

This relation has been approximately verified by Nadai (1923) 
and by other workers. It may be noted that two-dimensional 
deformation of the type discussed above is similar to that occur- 
ring in the rolling of wide sheets of metal, and Orowan (1944) 
has shown that the pressures involved are, in fact, given approxi- 
mately by equation (8). 

The region in which the material flows plastically is shown by 
the boundary CDEFGC (Fig. 16). Within this region the elastic 
strains may be neglected compared with the large plastic strains 
which occur. Some plastic flow may also occur in the material 
adjacent to the boundary CDEFG } but in this region the plastic 
strains arc of the same order of magnitude as the elastic strains. 
Outside the region CVG the metal is deformed elastically and 
the strains produced are always small (see Hill, 1950). 

The effect of friction 

In the above derivation it is assumed that there is no friction 
between the face of the indenter and the metal, so that the metal 
is perfectly free to slip laterally at the interface in the course of 
the indentation process. Under these conditions the pressure is 
uniform across the face of the punch and has a value of about 37. 
If there is appreciable friction between the surfaces it will in- 
crease the pressure necessary to produce indentation. This 
follows because in the course of the indentation process there is 
slip of metal along the face of the indenter. Since the metal is 
more confined in the centre (region E , Fig. 16) than at the edges 
of the indenter (regions A and B , Fig. 16), the resultant pressure 
will be higher in the centre than at the edge. The flow pattern 
will also be modified and the overall mean yield pressure will be 
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higher. The detailed treatment to allow for friction is compli- 
cated, but some idea of the order of the effect may be obtained 
by considering a much simpler case, described by Siebel (1923). 

Let us consider the plastic yielding of a two-dimensional strip 
of metal between hard fiat anvils (Fig. 17). We again assume 
that there is no flow in a direction normal to the plane of the 
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Fio. 17. Effect of friction on the deformation of a two- 
dimensional strip of metal bo tween flat anvils. 


paper (plane strain). The strip has a width d = 2a and a thick- 
ness h y and it has a constant elastic limit or yield stress Y. If 
the surfaces between the anvils and the strip were perfectly 
frictionless the pressure P 0 necessary to produce plastic yielding 
w’ould be uniform across the face of the anvils and would have 
the value 


P 0 = Y or P 0 = M57, 


( 9 ) 


depending on whether the Tresca or the Huber-Mises criterion 
is adopted. 

On account of the finite friction between the -surfaces the 
pressure will be increased and w r e may calculate the effect in the 
following way. Because of symmetry the metal will flow sym- 
metrically on either side of the central plane PS. Consider any 
element, distant x from the centre, thickness dx. This element 
is forced to the right and is subjected to a frictional force at the 
interfaces which acts to the left. If P is the normal pressure on 
this element there is a frictional force at each anvil-element 
interface of pP dx per unit length, where fx is the coefficient of 
friction, so that the total force is 2/zP dx. This is just equal to 
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the force produced by the horizontal component of pressure Q 
within the metal. The resultant force is h dQ. 

Hence h dQ = —2 fxP dx. (10) 

The element is thus subjected to a transverse pressure Q and 
a vertical pressure P. This produces a shear stress in the 

P 



Fio. 18. Pressure distribution over the face of the anvils in Fig. 17 
for an ideal plastic metal for which the yiold stress is Y. 


element equal to \(P— Q) y and the condition for plastic flow 
according to both the Tresca and the Huber-Mises criterion is 
simply that P-Q = constant. 

Hence dP—dQ = 0 or dP — dQ. 


Equation (10) becomes h dP = —2 fiP dx. 

Integration yields 

P = AefWW*-*). (ii) 

We may reasonably assume that at the edge of the anvil 
where x = a the friction has no effect, so that the pressure is 
the same as that occurring in the absence of friction (P 0 ), so 
that A = P 0 . Alternatively we may say that at the edge of the 
anvil Q must be zero, since there is no normal stress applied to 
the free surface. Consequently at this boundary, P must be 
equal to 7 (or 1-157) and hence equal to P 0 (see equation (9)). 
Hence A = P 0 . 

Hence P = (i£) 

The pressure distribution follows the curve shown in Fig. 18. 
The maximum, which occurs at the centre, has a value of 
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P 0 e i2 P aIh \ If the exponential power is not too large this may be 
expanded to give P 0 {l + (2/*a/A)}. Consequently the mean pres- 
sure across the face of the anvil becomes approximately 

P m = P 0 (l+^). (13) 

If h = a and p = 0*2 (a typical value for metal surfaces with 
some lubrication), we have that P m = 1*21^. Thus for reason- 
able values of the coefficient of friction the mean pressure at 
which plastic yielding occurs is increased by about 20 per cent. 
In practice, by deliberately lubricating the anvils and by sub- 
jecting the specimen to small deformations between each appli- 
cation of the lubricant, the frictional effect may be kept much 
smaller, of the order of a few per cent, or less.f 

In the case of a flat punch penetrating a metal surface, the 
flow pattern is appreciably different from that applying above. 
Nevertheless, the effect due to friction will probably bo of the 
same order of magnitude. That is to say, with surfaces as nor- 
mally used in practical tests, the pressure at which the punch 
begins to penetrate the metal surface will not be more than a 
few per cent, greater than the theoretical value of about 3 Y. 

Deformation by a flat circular punch 

Although the solution for the problem of a two-dimensional 
punch is exact, it is not possible to solve rigorously the problem 
of a flat circular punch. However, Hencky (1923) and more 
recently Ishlinsky (1944) have shown that the pressure at which 
a circular punch will penetrate the surface of a metal is of the 
same order as that given in equation (8). 

In order to solve this problem, which by rigorous treatment 
is intractable, both Hencky and Ishlinsky have used the Haar- 
Karman criterion of plasticity described above. The slip-line 
pattern obtained by Ishlinsky is shown in Fig. 19. It is seen 

t This derivation is only valid if fiP < k. If the friction is high enough to 
mako fiP = it, slip will occur within the skin of the metal near the anvil, rather 
than at the interface itself. The pressure to produce plastic flow will be higher, 
and for a - h, P m will have a value greater them 1*5P 0 . 
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that the slip-lines leave the free surface of the metal at an angle 
of 45° and end up at the surface of the punch at an angle of 45°. 
The slip-lines have therefore all turned through an angle of 90°, 
although the path through which they have travelled is different 
from that given in Fig. 16. We might therefore expect that 
the normal pressure across the face of the punch would be uni- 



Fio. 19. The slip-lino pattern for a flat circular punch penetrating an ideally 
plastic material. The solution derived by Ishlinsky is based on the Haar- 
Karman criterion of plasticity. Tho broken line is an approximate representa- 
tion of the elastic -plastic boundary, corresponding to the line CVO in Fig. 16. 

form, as for the two-dimensional model, and have a value of 
P = 2k( 1 + ^). Because Ishlinsky has used the Haar-Karman 
criterion of plasticity, however, and has applied it to a three- 
dimensional problem, the hydrostatic pressure p along the slip- 
lines no longer follows the simple relations given in equation (6). 
The value of p depends on the path travelled by the slip-line. 
As a result the normal pressure over the face of the punch is not 
uniform even for a frictionless punch, but is somewhat higher 
at the centre than at the edges. This is shown in Fig. 20. The 
mean pressure for plastic penetration P m is, however, not widely 
different from the value 3 Y, w T here Y is the yield stress of the 
metal. (The detailed calculation by Ishlinsky gives a value 
P m = 2-84F.) This relation has also been approximately 
verified. 

If, of course, there is friction between the punch and the metal, 
the yield pressure, that is the mean pressure to produce plastic 
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yielding, will be higher. In most indentation tests carried out 
under practical conditions the surfaces are covered with thin 
films of grease so that the coefficient of friction will generally 
have a value of about p, = 0*2. Consequently the increase in 
the yield pressure due to friction will be small. The same 
probably applies to spherical indenters and to shallow pyramidal 


P 



Fig. 20. Pressure distribution over the face of a flat circular punch penetrating 
an ideally plastic metal of yield stress Y (seo Fig. 19). 

or conical indenters if some lubrication is present. If, however, 
the surfaces are thoroughly freed of lubricant films the friction 
may reach values of the order of /x = 1, and in such cases the 
effect of friction on the yield pressure may be very much more 
marked. Indeed, if the friction is too high, slip may occur within 
the metal itself rather than at the interface between the indent or 
and the metal. On the other hand, if the indenter is made of 
diamond the frictional effects will be less marked and more 
reproducible, since for unlubricated surfaces the coefficient of 
friction of diamond sliding on most metals (unlubricated) is of 
the order of /x = 0-1 to 0-15 and this value is not greatly affected 
by the presence of lubricant films. 
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CHAPTER IV 


THE DEFORMATION OF METALS BY 
SPHERICAL INDENTERS: 

IDEAL PLASTIC METALS 

Initial Plastic deformation 

We may now consider the deformation of an ‘ideal’ plastic 
metal, of yield stress Y, by a hard spherical indenter of radius r 
(Fig. 21a). The friction between the indenter and the metal 




Fig. 21. Deformation of a flat surface by a hard sphere. So long as the 
deformation is elastic the radius of the circle of contact is proportional to 11’ 4. 

surface is again assumed to be negligibly small. When the load 
is applied to the indenter the metal surface and the indenter will 
both deform elastically according to the classical equations of 
Hertz (1881). The region of contact is a circle of radius a (see 
Fig. 21 6) as given by the equation 



where W is the load applied, E l and E 2 are Young’s moduli of 
the indenter and the metal respectively, and a x and cr 2 are the 
corresponding values of Poisson’s ratio. Since Poisson’s ratio 
has a value of about 0*3 for most metals, this gives 



Thus the projected area A of the indentation is proportional 
to W 1 and the mean pressure P m over the region of contact is 
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Fia. 22. Elastic doformation of a flat surface by a sphere: 
the area of contact A is proportional to IF* and the mean 
pressure P m is proportional to TF*. 



Fig. 23. Pressure distribution over circle of contact when a flat 
surface is doformod elastically by a sphere. 

proportional to W* (Fig. 22). We may note that the pressure 
(or normal stress) across the circle of contact is not uniform, but 
at any point distant x from the centre of the indentation has 
the value P = P 0 (l—x 2 /a 2 )^ where P 0 is the pressure at the 
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centre of the circle of contact (see Fig. 23). It follows that 

Po = I P m * 

Onset of plastic deformation 

If wo apply the Tresca or the Huber-Mises criterion to the 
stresses in the metal it is found (Timoshenko, 1934) that the con- 
dition for plasticity is first reached at a point below the actual 



Fio. 24. Elastic defonnation of a flat surface by a sphere, showing the maxi- 
mum shear stress in the bulk of material below the deformed surface (Davies. 
1949). The maximum shear stress occurs below tho centre of the circle of 
contact and has a value of about 0-47P wl , where P m is the mean pressure. 
Plastic deformation first occurs at this point wdien the shear stress — J Y, i.e. 
when P m *5* I IP, where Y is the yield stress of the metal. 

surface of contact. This is shown in Fig. 24, taken from a 
paper by Davies (1949). The calculated shear stress in the 
metal below the surface has been plotted and it is seen that 
the maximum value occurs at a point about 0*5 a below tho 
centre of the circle of contact. The value of the shear stress at 
this point depends slightly on the value of Poisson’s ratio, but 
for most materials for which Poisson’s ratio is about 0*3 it has 
a value of about 0-47P m , where P m is the mean pressure over the 
circle of contact. Since at this point the two radial stresses are 
equal, the Tresca and the Huber— Mises criterion both indicate 
that plastic flow will occur when the shear stress equals |7, i.e. 
when 0*47P m = 0*57. This means that plastic defonnation com- 
mences at this region when 

Pjn & 1 ^ * 


( 3 ) 
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Provided the mean pressure is less than this, the deformation 
remains completely elastic, and on removing the load, the sur- 
face and the indenter return to their original shape. As soon as 
P m reaches the value of 117, however, some plastic deformation 




Fio. 25. Plastic deformation of an ideally plastic metal by a spherical indenter: 
(a) the onset occurs at a localized region Z when P m « MY, (6) at a later 
stago tho wholo of the material around tho indontor flow’s plastically. 

occurs at the region Z (Fig. 25 a). The rest of the metal is 
deformed elastically, so that on removing the load the amount 
of residual deformation is very small. 

Complete or full plastic deformation 

As the load on the indenter is increased, the amount of plastic 
deformation around the indentation increases and the mean 
pressure steadily rises until the whole of the material around the 
indentation is in a state of plasticity (Fig. 25 6).f It is not easy 
to define tho stage at which this occurs, and the simplest ap- 
proach is to say that it is reached when the yield pressure varies 
little wuth further increase in indentation size. This difficulty 
of defining the ‘fully’ plastic stage is also inherent in the 
theoretical treatment; here again it is assumed that the stage 
of ‘full’ plasticity has been reached, meaning that the plastic 
slip-line field covers the whole of the region around the indenter. 
Even so, the theoretical analysis even for the fully plastic stage 
cannot be earned out rigorously since the axially symmetrical 

t Suitable annealing and etching techniques usually reveal a deformation 
pattern w’hich differs in some details from that shown in Fig. 25 6. In particular, 
deformation does not appear to extond far beyond tho edge of the indentation 
AB. It is possible that the plastic strains in tho regions BD and AC may bo 
too small to be revealed by metal lographic techniques. A more detailed study 
of this deformation process would be very valuable. 
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problem in plasticity presents certain difficulties which are in- 
superable. Recently, however, Ishlinsky (1944) has extended 
the earlier work of Hencky (1923) and has found that by using 
the Harr-Karinan criterion of plasticity it is possible to deter- 
mine analytically the pressure between a spherical indenter and 



Fig. 20. Part of tho slip-line pattern obtained by Ishlinsky for a spherical 
indenter deforming an idoally plastic metal. Tho analysis which is based on 
the Haar-Karman criterion of plasticity does not deal with tho displacement 
of tho deformed material. The broken line is an approximate representation 
of tho elastic -plastic boundary, corresponding to the line CED Fig. 25 b and 
the line CVO in Fig. 16. 

the indentation under conditions of ‘full* plasticity. It must be 
borne in mind that this analysis is based on a physical assump- 
tion, the Haar-Karman criterion, which is not strictly valid, but 
the type of error involved does not appear to be serious and the 
result may be considered to be a good approximation. Part of 
the slip-line pattern obtained by Ishlinsky is shown in Fig. 26 
and tho pressure distribution in Fig. 27. It is seen that, as with 
the flat circular punch, the pressure over the surface of the 
indenter is not uniform over the region of contact but is some- 
what higher in the centre than at the edges. However, the mean 
pressure P m , that is the load divided by the projected area of the 
indentation, has a value of about 2*667. Ishlinsky also finds 
that P m is not markedly dependent on the size of the indentation. 
It varies somewhat with the depth of penetration, and the 
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analysis indicates that it is greater for a flat circular punch (the 
limiting case for small penetration) than for a spherical indenter 
submerged to an appreciable depth. As we shall see below, experi- 
ments suggest that P m should increase somewhat with the depth 
of penetration, rather than decrease. However, the effect is not 



Fig. 27. Pressure distribution over the indentation formed by 
a spherical indenter in an ideally plastic material of constant 
yield stress Y (see Fig. 26). 

very marked and Ishlinsky’s calculations for the flat punch give 
a value P m = 2-847, which is only a few per cent, different from 
that calculated for the spherical indenter. Indeed it would seem 
from Ishlinsky ’s analysis that over a wide range of experimental 
conditions P m = 2-6 to 2-97. If, of course, there is appreciable 
friction between the indenter and the metal it will lead to some 
increase in the value of P m . 

Pressure-load characteristic 

We may thus expect that the pressure-load characteristic of 
a spherical indenter penetrating an ‘ideal’ plastic body will 
follow the curve shown in Fig. 28. The portion OA repre- 
sents the initial elastic deformation where the mean pressure is 

4980.20 
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proportional to WK The point L corresponds to the onset of 
plastic deformation which occurs when P m = I- IF. The dotted 
portion LM represents a transitional region as the amount of 
plastic flow increases, whilst MN represents the condition of 
‘full’ plasticity where P m is of the order of 3 F. For convenience 
we shall often refer to P m as the yield pressure of the metal, and 



Fig. 28. Theorotical pressure-load characteristic of an ideally plastic 
metal deformed by a spherical indenter: OA — elastic deformation, 
L = onset of plastic deformation where P m « MY, MN — fully 
plastic region where P m « 3Y. (Tabor, 1950.) 


we may note that according to Fig. 28 it increases from a value 
of about 1*1F to a value of about 3F as the deformation passes 
from the onset of plastic deformation to a ‘fully’ plastic state. 

We may at once test the conclusion that the yield pressure 
under fully plastic conditions is approximately equal to 3F. 
This is most simply carried out by making large Brinell indenta- 
tions in metal specimens that have been highly worked, so that 
they are incapable of appreciable further work-hardening and 
may be considered to possess a constant yield stress F. Some 
typical results are given in Table III, (Tabor, 1948), the yield 
stress F being found from ‘ frictionless ’ compression experiments. 
In these experiments it is found that the value of P m increases 
slightly with the depth of the indentation, presumably on 
account of the increased confinement of the displaced material 
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(see also Bishop, Hill, and Mott, 1945). This observation ap- 
pears to be at some variance with the theoretical conclusions of 
Ishlinsky discussed above, but in any case the effect is small and 
it is clear that, to a first approximation, ‘full’ plastic yielding 
occurs when ^ = e y (4) 

where c is nearly a constant and has a value of about 3. 


Table III 


Metal 

( Work-hardened) 

Y 

(kg.Jmm. 1 ) 

P m 

(kg.jmm.*) 

» = PJY 

Tollurium-lead alloy . 

21 

61 

2-9 

Aluminium 

12-3 

34-5 

2-8 

Copper 

31 

88 

2*8 

Mild steel . 

65 

190 

2-8 


These results show at once that for fully work-hardened 
materials the yield pressure is essentially independent of the 
load and of the size of the indentation. This is, of course, the 
same as saying that the Meyer index n for work-hardened 
materials is 2. In what follows we shall discuss a number of 
further conclusions that have a direct bearing on the practical 
measurement of hardness. 

Range of validity of Meyer’s law 

It is instructive to carry out a series of indentation measure- 
ments on a highly worked metal starting from the smallest loads 
at which indentations are visible. The result of a plot of P m 
against W is shown in Fig. 29, for highly worked mild steel, the 
dotted line referring to the calculated elastic deformation. It is 
seen that the curve has all the characteristics of the theoretical 
curve given in Fig. 28; the yield pressure begins to deviate from 
the elastic curve at a value of P m ^ 11F and gradually rises 
until it reaches the value of about 2-8F. This effect is shown 
more strikingly in Fig. 30, where the diameter d of the indenta- 
tion has been plotted against the load W on logarithmic ordi- 
nates. The portion OL corresponding to the elastic region is a 
straight line of slope 3. (This is calculated from the elastic 
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equations.) The portion LM is gently curved, but may be con- 
sidered to be composed of approximately straight portions of 
slopes 2-7 and 2*25. Finally the portion MN is a straight line 
of slope 2. It is at once evident that MN is the range over which 
Meyer’s law is valid for the highly worked steel. Here the Meyer 



Fig. 29. Experimental pressure-load characteristic of indentations formed in 
work-hardened mild steel by a hard spherical indenter. Yield stress of steel 
Y =3 77 kg./mm. 2 Ball diameter = 10 mm. The broken line is the theoretical 
result for elastic deformation. (Comparo Fig. 28.) 

index n is constant and has the value 2. As the load is decreased 
the value of the Meyer index gradually increases, until when the 
deformation becomes completely elastic it reaches the upper 
value of 3. 

It is not difficult to estimate the load above which Meyer’s 
law is valid. Suppose W L is the load at which the onset of plastic 
deformation occurs (point L , Fig. 29) and W m is the load at 
which full plasticity is first attained (point M , Fig. 29). If the 
curve between L and M followed the elastic relation, the ratio 
of W m to W L would be approximately (2-87/M7) 3 , i.e. about 20. 
On account of the more gradual slope of the curve during the 
growth of the plastic region the ratio is between 100 and 200, 
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say 150. We may readily calculate the value of W L from the 
elastic equations, since from equation (2) we may express P in 
terms of W and then put P = M Y. The relation is 

W L = 13-lPv|l+iJ, (5) 



Fig. 30. Indentation of work-hardened mild steel 
(see Fig. 29) plotted on a log IV-log d curve. Yield 
stress of steel Y = 77 kg./ram. 2 Ball diamotor = 10 mm. 
Portion OL is the calculated clastic curvo (slopo 3), 
L is the onset of plastic deformation, LM is a transition 
range and MN the range ovor which full plastic 
deformation occurs (slope 2). 


where r is the radius of the indenter. Putting r = 0-5 cm. and 
E x = 20. 10 11 dynes/cm. for a steel ball of diameter 10 mm. (as 
used in the Brinell test), we obtain the results given in Table IV 
for highly work-hardened metals. 
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Table IV 


Metal 

( Work-hardened) 

Y 

( kg. /mm .*) 

(dynea/cm.*) 

to give 

P m = Ilf 

(17.) 

Approximate 
load for Meyer's 
law to be valid 
(%.) 

Tollurium-lead 

2-1 

1-6 X 10 11 

2 

0*3 

Copper 

31 

12 x 10 11 

230 

35 

Mild steel 

65 

20 x 10 11 

1,200 

180 

Alloy steel 

130 

20 X 10 11 

0,800 

1,500 

Very hard steel 

200 

20x10“ 

35,000 

5,200 


It is apparent that for a very soft metal the onset of plastic 
deformation with a ball of diameter 10 mm. occurs at a load of 
about - g., so that full plasticity (and lienee the load above which 
Meyer’s law is valid) occurs at a load of about 300 g. Similarly 
for very hard steel, Meyer’s law is valid for a load above about 
5,200 kg., corresponding to an indentation greater than about 
3 mm. in diameter. The same sort of behaviour may be expected 
to hold for metals which are capable of work-hardening. Thus 
at very small loads where the deformation is essentially elastic 
the Meyer index will have an upper value of 3. At higher loads 
the index will decrease until it reaches the constant value 
characteristic of the state of work -hardening of the metal. It 
is reasonable to assume that the loads at which this occurs will 
be of the same ordor as those given in Table IV. 

Deformation of the indenter 

It is interesting at this stage to discuss the conditions under 
which the indenter itself may be permanently deformed in the 
course of the indentation process. It is clear that for soft metals 
the indenter will be deformed only elastically, but for harder 
metals some permanent deformation may occur. 

Suppose the metal has a yield pressure at full plasticity of B 
corresponding to a yield stress Y, where B « 2-8F, and suppose 
the indenter has a yield pressure B t corresponding to a yield 
stress Y i when again B t « 2-8^. To a first approximation the 
yield pressure, or Meyer hardness, is the same as the Brinell 
hardness, so that we may call B and B t the B.H.N.s of the metal 
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and indenter respectively. As the load on the indenter is in- 
creased, plastic deformation of the metal will begin to occur at 
a mean pressure of about 1*1 Y. If > Y, this pressure w ill be 
less than 1*1 Y iy so that the stress will be insufficient to produce 
any plastic deformation of the indenter. As the load is increased 
further, the mean pressure betw T een the indenter and the metal 
increases until it reaches a value of about 2*8 Y, but it does not 
appreciably exceed this value. If, therefore, the pressure is not 
to be sufficient to produce even the onset of plastic deformation 
of the indenter, it must be less than 1-lY*, that is 2-8 Y < 1-1 Y i 
or Y { > 2-5Y or B t > 2*5 B. Thus the indenter should be at least 
two and a half times as hard as the metal under examination. 
This means that with the balls commonly used in Brinell hard- 
ness measurements possessing a hardness number or yield pres- 
sure of about 900 kg./sq. mm., metals of hardness number or 
yield pressure greater than about 400 kg./sq. mm. should not 
be used. This is in close agreement with the empirical convention 
generally adopted in Brinell hardness measurements. 

These conclusions are of quite general validity. If local plastic 
deformation is produced in one metal by a second metal, the 
second metal should be at least two and a half times as hard as 
the first if it is not to suffer some permanent deformation itself. 

Brinell hardness measurements of very hard metals 

We may also consider hero the problems involved in the hard- 
ness measurement of very hard materials. In making Brinell 
measurements of hard materials it is customary to use a 10-mm. 
ball and a load of 3,000 kg. The results obtained up to a hardness 
value of about 300 are satisfactory and are in agreement with 
those obtained by other methods, particularly those involving 
the use of pyramidal or conical indenters. For reasons which 
will be apparent in Chapter VII, the diamond pyramidal in- 
denter as used in the Vickers hardness test gives hardness values 
which are reasonably reliable even for the hardest metals. With 
the Brinell test, how ever, the hardness values above about 300 
are less than the Vickers values and the divergence becomes very 
much more marked for very hard materials. This has been 
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attributed to the deformation of the indentcr in the Brinell tost 
and, for very hard metals, spherical indenters of sintered carbide 
or even of diamond may be used. Although this tends to give 
higher Brinell hardness values for the same load, there is still an 
appreciable difference between them and the Vickers hardness 
values. This is shown in Table V. 

Table V 

Hardness Values for Balls of Different Materials 


Vickers pyramid 
hardness 
(kg. /sq.mm.) 

Brinell hardness numbers. 70-mm. ball; 3,000-kg. load 

Steel ball 

Tungsten carbide ball 

Diamond ball 

1-mm . ball; 30-kg. load 

1,200 

780 

870 


1,000 

710 

810 

900 

750 

600 

680 


550 

495 

525 

530 

400 

388 

388 

400 

305 

302 

302 

304 

130 

130 

130 

130 


It is clear that with metals above 900 B.H.N., the steel ball 
will undergo more deformation than the metal itself and the 
hardness of the ball will, in fact, set an upper limit to the hard- 
ness value obtained. This does not, however, explain why there 
is still an appreciable difference when the hardness of the metal 
is only 550. Nor does it explain the differences observed with 
the balls of tungsten carbide (B.H.N. « 1,500) or of diamond 
(B.H.N. ~ 0,()00t). In what follows we shall show that the low 
Brinell hardness values observed with hard metals may be 
explained on the assumption that, at the standard specified load 
of 3,000 kg., the indentation is not large enough to reach the 
stage of full plasticity. Consequently the yield pressure does 
not ieach the full value of about 2-8V, but lies between 1 • IT and 
■" ^ ’th the Vickers test, however, the deformation always 

involves the same degree of plasticity, so that the hardness value 
is more or less independent of the size of the indentation. There 
is not sufficient detailed experimental data fully to substantiate 

t Deduced from experiments with the Knoop indenter. See p. 101. 


CH. IV 


SPHERICAL INDENTERS 


57 


this view, but it is interesting to follow this suggestion and 
estimate the magnitude of the effect to be expected. 

We assume that the metals under consideration are fully work- 
hardened and that their P m — W characteristic is essentially the 
same as that observed with the work-hardened mild steel in 
Fig. 29. From Fig. 29 we may follow the growth of the plastic 
region and tabulate the increase of the yield pressure P m in terms 
of the load. This is given in Table VI a, while in Table VI b the 
same results have been converted so that the load is expressed 
as the ratio WjW L , where W L is the load necessary to produce the 
onset of plastic deformation; the yield pressure is expressed as 
the ratio PJP N , where P N is the pressure at full plasticity and 
corresponds to the hardness value under ‘proper’ conditions of 
measurement. The ratio PJP N is thus approximately equal to 

the ratio B.H.N. observed 

true B.H.N. 


Table VI 

Indentation of Work-hardened Mild Steel by 10-mm. Ball 


(a) (6) 


Load W 
(* V) 

p m 

(leg.lsq.mm.) 

« . W 
Ratio — 

p 

Rat io 

“y 

(W L ) 2 

84 

1 

1 : 2-55 

5 

105 

2-5 

1 : 2 05 

10 

120 

5 

1 : 1-8 

20 

142 

10 

1 : 1-5 

40 

160 

20 

1 : 1-35 

80 

180 

40 

1:1-2 

125 

186 

62 

1:1-17 

250 

200 

125 

1 : 1-08 

500 

210 

250 

1 : 1-03 

700 

216 

350 

1:1 

2,000 

220 

1,000 

1: 1 


Here again it is seen that full plasticity and, therefore, the stage 
at which reliable hardness measurements may be made, occurs 
when the load exceeds 100 to 200 times that at which the onset 
of plastic deformation occurs. 

Let us assume that the Vickers hardness values would be the 
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same as the Brinell hardness numbers if full plasticity was 
reached. There aro general reasons for believing that this is 
approximately true. Consider a steel specimen for which the 
true hardness value is 1,000 kg./sq. mm. This corresponds to a 
value of P N = 2-87, so that the onset of plasticity (M7) corre- 
sponds to a yield pressure of about 390 kg./sq. mm. With a 
10-mm. ball of tungsten carbide for which E l « 6. 10 12 dynes/ 
sq. cm. the onset of plastic deformation according to equation 
(5) will occur at a load of 90 kg. Thus, when in the hardness test 
a load of 3,000 kg. is used, the load is 33 times greater than 
that at which the onset of plasticity occurs. From Table VI b 
we see that for WjW L = 33 the ratio PJP N « 1:1-25. The ob- 
served yield pressure will therefore have a value of 

1000/1-25 = 800 kg./sq. mm. 

Table V show's the observed value to bo about 810. 

With the diamond indenter E L « 10. 10 12 dynes/cm., so that 
here the onset of plastic deformation occurs at a load of about 
72 kg. The load in the hardness test is 42 times as large so that 
P n l P n ~ 1:1-18. The observed yield pressure should therefore bo 
of the order of 1000/1-18 = 850. Table V gives a value of about 
900. Similar calculations have been carried out for the tungsten 
carbide and diamond indenters on other metals and for the steel 
indenter on metals of hardness less than 750 B.H.N. The results 
are summarized in Table VII. 

Table VII 

Calculated and Observed Brinell Hardness Values 


Brinell Hardness Number. 10-mm. ball; 3,0 00 -kg. load 


‘ True * hard- 
ness value 
(kg. /sq.mm.) 

Steel ball 

Tungsten carbide ball 

Diamond ball 

Observed 

Calcu- 

lated 

Observed 

Calcu- 

lated 

Observed 

Calcu- 

lated 

1,200 

7 s» • 

, # 

870 

890 


930 

1,000 

710 

. . 

810 

800 

900 

850 

750 

600 

620 

680 

670 

* # 

680 

550 

495 

500 

525 

520 

530 

535 

400 

388 

390 

388 

400 

400 

400 

305 

302 

305 

302 

305 

304 

305 

130 

130 

130 

130 

130 

130 

130 
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It is seen that the agreement between the observed and calcu- 
lated values is good. We should not expect better agreement 
for two main reasons. Firstly, the Vickers hardness may not be 
identical with the ‘true’ Brinell hardness value, particularly if 
the metal is not fully work-hardened. As we shall see in the next 
chapter, the indentation produced by a spherical indenter work- 
hardens the specimen by an amount depending on the size of the 
indentation, and for small indentations (such as occur with hard 
metals) the effective increase in hardness may be less than that 
produced by the Vickers indenter. 

Secondly, the growth of the plastic region may not follow 
exactly the course shown in Fig. 29. For example, the general 
theory of plastic deformation indicates that the fully plastic 
stage should not be dependent on the elastic constants of the 
metal and indenter. On the other hand, the onset of plasticity 
depends critically on the elastic constants. It would, in fact, 
appear that the onset of plasticity determines the initial growth 
of the plastic region. Thus to a first approximation both the 
onset of plasticity and the growth of the plastic region, which 
we have calculated above, depend on the elastic constants of the 
surfaces. This means that for materials of the same yield stress 
the higher the elastic constants the sooner the plastic process is 
initiated and the smaller the load necessary to reach ‘full’ 
plasticity. Once this stage is reached, however, the value of the 
yield pressure depends only on the plastic yield stress of the 
material and not on the elastic constants. 

In spite of these reservations, it is clear that the results in 
Table VII confirm the view that with the standard 3,000-kg. 
load, full plasticity is not reached for harder metals and for this 
reason low hardness values are observed. Tungsten carbide and 
diamond have relatively high Young’s moduli, so that the onset 
of plasticity occurs at smaller loads than with a steel indenter. 
Consequently with these indenters the deformation at a load of 
3,000 kg. is nearer the fully plastic stage than with a steel 
indenter. Thus even at a hardness value of 550, where the steel 
indenter is not markedly deformed, it will give lower hardness 
values than the tungsten carbide and diamond indenters. 
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We may also consider the deformation of the steel indenter 
itself (B.H.N. ~ 900) if it is pressed against an infinitely hard, 
unyielding metal surface. If P v = 900, E 1 = oo, the onset of 
plastic deformation occurs at a load of about 40 kg. If the 
growth of the plastic region is similar to that observed in Fig. 29, 
the full load of 3,000 kg. is 75-fold bigger than the load at which 
the onset of plasticity occurs, so that P„JP N « 1:1-1. The yield 
pressure at this load will therefore be about 800 kg./sq. mm. 
This means that if the steel indenter is used on very hard metals, 
the upper limit to the hardness observed at a load of 3,000 kg. 
will be about 800 kg./sq. mm. and will be determined by the 
hardness of the ball itself. 

It follows from this discussion that if reliable Brinell hardness 
values are to be obtained with very hard metals, tungsten car- 
bide or diamond indenters must be employed and loads much 
greater than 3,000 kg. ought to be used with 10-mm. balls. This 
is often impractical, and for this reason metals possessing a 
hardness above about 800 should bo tested with the Vickers 
indenter (see Chapter VII). 

An associated problem is that of the Meyer index of very hard 
materials. Even if the metal is fully work-hardened with a true 
value of n = 2, appreciably larger values of n may be obtained 
if the loads are not sufficient to bring the indentation to the fully 
plastic stage (see Fig. 30). It is possible that this effect often 
occurs with very hard steels. For example O’Neill ( 1 926) quotes 
a 0-4 per cent, carbon steel which in the annealed state had a 
Brinell hardness of 181 kg./sq. mm. and a value of the Meyer 
index n = 2-24. When heavily quenched the hardness increased 
to a value of nearly 560 kg./sq. mm. The Meyer index increased 
to a value of n = 2-38, indicating that the quenched specimen 
is capable of greater strain-hardening than the annealed speci- 
men. This high value of n may, however, only be due to the 
increased hardness of the metal and the inadequacy of the 
applied loads. It would be interesting to know if, with much 
larger applied loads, the specimen would still give high values 
of n. 
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Effect of surface roughness 

The above conclusions may also be applied to a consideration 
of the effect of surface roughness. We consider a hard steel 
surface pressed against a flat surface of a softer metal covered 
with asperities. For simplicity we assume that the asperities 

~r~Y~ 

(a) (b) 

Fig. 31. Deformation of asperities by a harder surface: 

(a) hemispherical asperity deformed by a flat surface, ( b ) 
flat surface doformed by a hemisphere. The deformation 
processes are similar in both cases. 


have tips of spherical shape and that the steel indenter is 
perfectly smooth and of large radius of curvature compared 
with the asperities. Thus the deformation at each asperity may 
be considered as occurring between a hard flat surface and a 
spherical softer surface (Fig. 31 a). The behaviour is essentially 
the same as that occurring between a hard spherical indenter 
pressing on to the plane surface of a softer metal (Fig. 316). 
We may therefore use equation (5) to calculate the loads neces- 
sary to initiate plastic deformation in asperities of specified radii 
of curvature. Typical results for various materials are given in 
Table VIII and it is seen that for surfaces of small radii of curva- 
ture (r) the onset of plastic deformation occurs at extremely 


Table VIII 



Approxi- 

mate 

Brinell 

Yield 

Load at which oixset of plastic 
deformation occurs {P m = 1-1 F) (g.) 

Metal 

hardness 

(kg.lsq. 

mm.) 

stress, Y 
(kg./sq. 
mm.) 

r = 10-* 

cm. 

r = 10-* 
cm. 

r = 0-5 

cm. 

r = 1 

cm. 

Tellurium-load 

6 

21 

8x10-* 

8 x 10 -4 

2 

8 

Soft copper 

W ork-hardened 

55 

20 

2-5x10-* 

0025 

62 

250 

copper 

Work -hardened 

90 

31 

90x10-* 

009 

230 

910 

mild steel 

190 

65 

4-7 x 10-* 

0-47 

1,200 

4,700 

Alloy steel 

350 

130 

3-8x10-* 

3-8 

9,500 

38,000 
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small loads. f Thus for an asperity of radius of curvature 
lO -4 cm. on a hard steel surface, plastic deformation commences 
at a load of less than 10" 3 g., so that the asperity is in a state 
of ‘full’ plasticity at loads less than 01 g. With an asperity of 
radius of curvature 10 -3 cm., which is larger than the irregulari- 
ties usually occurring on smooth surfaces, the corresponding 
figures are 0*04 g. and 6 g. It follows that when the indenter is 
pressed on to the surface the minute irregularities which are 
always present on the surface w ill readily deform beyond their 
elastic limit. The indenter w ill in fact be supported by asperities 
that have flowed plastically until their area is sufficient to sup- 
port the applied load. 

Although plastic flow of the asperities occurs so readily, this 
does not necessarily mean that the underlying metal is also 
deformed plastically. For example, if the steel indenter has a 
diameter of 10 mm. (r = 0*5 cm.), the load necessary to initiate 
plastic flow in the bulk of the alloy steel w ill be of the order of 
1 0 kg. Thus for smaller loads, although the asperities will deform 
plastically, the underlying metal will still deform elastically. 
Indeed the outer boundary of the plastically deformed asperities 
will be determined by the elastic yielding of the underlying 
metal. At higher loads, of course, plastic flow of the underlying 
metal will also occur so that at a load of the order of 1,500 kg. 
there will be full plastic flow on both a macroscopic and a micro- 
scopic scale. On the macroscopic scale, full plastic flow occurs 
under a yield pressure of approximately 3 Y b , where Y b is the 
yield stress of the bulk of the metal. The yield pressure of the 
asperities will in general be higher, largely as a result of further 
work-hardening of the asperities wdiich may occur even if the 
specimen has already been highly w orked. This effect will also 
be assisted by friction between the indenter and the tips of the 
asperities. Thus in general the asperities, which directly bear 
the load, will have a yield pressure that may be considerably 
higher than that of the bulk metal. The macroscopic indenta- 
tion, however, will correspond to the yield pressure of the bulk 

t A similar analysis has been given by Tagg (1947) for the contact between 
a steel pivot and a sapphire jewel. 
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of the metal itself. Thus the yield pressure calculated from the 
macroscopic indentation will provide a reliable measure of the 
hardness of the bulk of the metal however much the asperities 
themselves are w r ork-hardened. For this reason, hardness 
measurements do not depend appreciably on the surface finish 
of the metal specimen. Similarly surface irregularities on the 
surface of the indenter will not appreciably affect the macro- 
scopic deformation. Thus by using etched balls it is possible to 
obtain reliable measurements of the bulk deformation of the 
metal. This is particularly useful, as O’Neill has pointed out, 
in making indentation measurements at very small loads where 
the bulk deformation may be predominantly elastic. 

The effect of surface irregularities is shown very strikingly in 
some experiments recently described by Moore (1948). In these 
experiments it w r as not convenient to use a spherical indenter. 
Instead a smooth cylindrical indenter was used and it w r as 
pressed into the surface of a work-hardened copper surface in 
w hich a series of fine parallel grooves had been cut. The cylinder 
was arranged w T ith its axis parallel to the grooves and indenta- 
tions made at various loads. Profilometer records of the result- 
ing indentations are shown in Fig. 32. Fig. 32 a is for a light 
load where the tips of the asperities have been deformed plasti- 
cally, wdiile no plastic deformation has occurred in the under- 
lying material. In Fig. 326 there is slight deformation of the 
bulk material, whilst in Fig. 32 c for a very heavy load the bulk 
deformation has been very severe. It is interesting to note, 
however, that even in this case the irregularities retain their 
identity and are clearly visible even at the bottom of the 
indentation. 

It is clear from Fig. 32 c that marked plastic deformation has 
occurred over the two ranges described above. For the asperi- 
ties it has occurred at their tips where the effective yield pressure 
is appreciably greater than 3I&. For the bulk material below the 
asperities flow has also occurred at a yield pressure of about 3 Y b . 
The area of the tips supporting the load is approximately one- 
half the area of the macroscopic indentation, so that the yield 
pressure of the asperities is approximately double that of the 
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bulk metal. With annealed materials this divergence will be 
even more marked. It is evident, however, that the region of 
plastic deformation on the macroscopic scale will not depend 
essentially on the properties of the asperities, but on the yield 
pressure of the bulk metal itself. 



Fio. 32. Profilomoter records of a grooved surface deformed by a hard cylinder 
placed with its axis parallel to the grooves: (o) light load. (6) heavier load, 
(c) very heavy load. For light loads the plastic deformation is restricted to 
the tips of the asperities. Only at hoavior loads is the underlying metal 

doformed plastically, but even hero the irregularities retain their identity. 

‘Piling-up’ and ‘sinking-in’ 

Consideration of the plastic region provides a simple explana- 
tion of the effects of piling up and sinking in. The region over 
which the major plastic deformation occurs is shown in Fig. 33. 
When the metal is displaced by penetration of the indenter it 
flows out between AC and BD, so that the material in this 
region is raised above the general level (Fig. 33 a). As the 
indenter descends there is also a marked lateral movement near 
A and B because of the increasing diameter of the indentation, 
so that the most marked piling up occurs around the edge of the 
indentation. This is the behaviour characteristic of an ‘ideal’ 
plastic material, i.e. of a highly worked metal. 

If the material is in the annealed state, however, the behaviour 
is different. The early displacement of metal in the plastic 
region produces appreciable work-hardening and it becomes 
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easier to displace the adjacent metal which lies deeper below the 
indentation. Consequently the displaced metal flows out at the 
region outside C and D (Fig. 336). Once this material has 
yielded it also work -hardens and further displacement of metal 
occurs at a still greater depth. As a result the material around 



Fio. 33 (a) For highly worked metals tho flow of metal around the indenter 
produces ‘piling-up’, (6) for annealed motals tho displacement of metal occurs 
at regions at a small distance from tho indontor so that ‘sinking-in’ occurs. 


the indentation itself is left at a lower level than the material 
farther away from the indenter. This is the essential charac- 
teristic of the ‘sinking in’ observed with annealed metals. 

‘Strainless’ indentation 

The results discussed above have shown that when a metal is 
deformed by a spherical indenter the deformation is clastic until 
the mean pressure reaches a value of 1*1F. This occurs whether 
the surface is initially flat or a portion of a sphere so that it also 
holds for a cavity or a preformed indentation. Thus for a highly 
worked metal the pressure which the metal can withstand with- 
out plastic deformation is simply 1-lF. On the other hand, the 
yield pressure under tho usual conditions of hardness measure- 
ments is of the order of 3 Y. Consequently the ‘absolute hard- 
ness’ as found by a strainlcss indentation method will be 
approximately one-third of the ‘normal’ hardness. Tliis was 
observed by Mahin and Foss (1939) in their experiments on 
machined cavities. 

For annealed metals we should expect the difference to bo 
somewhat greater. The mean pressure during the strainlcss 
indentation will again be approximately 1‘lF, where Y is tho 
yield stress of the annealed material. The ‘normal’ hardness of 
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the metal will be greater than 3 Y because of the appreciable 
work-hardening of the material around the indentation (see next 
chapter). Thus the ratio of the ‘absolute’ to the ‘normal’ hard- 
ness, in the method used by Harris, should be something less 
than one-third. Hams’s values on the whole are of the order 
of one-third. 
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CHAPTER V 


DEFORMATION OF METALS BY 
SPHERICAL INDENTERS 
METALS WHICH WORK-HARDEN 

So far we have discussed the deformation of a metal by a 
spherical indenter when the metal has a yield stress Y that is 
essentially unaffected by the deformation produced by the 
indentation process itself. In practice this behaviour is charac- 
teristic of metals which are very highly worked, so that its 
practical application is somewhat limited. In this chapter we 
shall consider the extension of this analysis to metals which 
are annealed or only partially worked, so that they experience 
work-hardening during the indentation process. It may be said 
at the outset that a theoretical treatment of this problem has 
not been solved oven for the case of two-dimensional deforma- 
tion. We must therefore approach the problem in an empirical 
way. 

Yield pressure as a function of the size of the indentation 

When an indentation is formed by a spherical indenter, the 
material around the indentation is displaced and, in general, the 
yield stress Y will be increased. However, as we shall see below, 
the elastic limit will not be constant at every point around the 
indentation since the amount of deformation or strain will in 
general vary from point to point. We may, however, expect 
that when full plasticity is reached there will exist an average 
or ‘representative’ value of the elastic limit, say Y r , which is 
related to the yield pressure P m by a relation of the typo 
P m = cY r , where c is a constant having a value of about 3. 
Making this assumption we may consider the way in which Y r 
depends on the size of the indentation and hence derive a 
relation between P m and the size of the impression. 

Suppose the indentation has a chordal diameter d and a radius 
of curvature r 2 . Since it is a portion of a sphere its shape is 
completely defined by the dimensionless ratio djr 2 . Then for all 
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the metal will be greater than 3 Y because of the appreciable 
work-hardening of the material around the indentation (see next 
chapter). Thus the ratio of tho ‘absolute’ to the ‘normal’ hard- 
ness, in tho method used by Harris, should be something less 
than one-third. Harris’s values on the whole are of the order 
of one-third. 
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DEFORMATION OF METALS BY 
SPHERICAL INDENTERS 
METALS WHICH WORK-HARDEN 

So far we have discussed the deformation of a metal by a 
spherical indenter when the metal has a yield stress Y that is 
essentially unaffected by the deformation produced by the 
indentation process itself. In practice this behaviour is charac- 
teristic of metals which are very highly worked, so that its 
practical application is somewhat limited. In this chapter wo 
shall consider the extension of this analysis to metals which 
are annealed or only partially worked, so that they experience 
work-hardening during tho indentation process. It may be said 
at the outset that a theoretical treatment of this problem has 
not been solved oven for the case of two-dimensional deforma- 
tion. We must therefore approach tho problem in an empirical 
way. 

Yield pressure as a function of the size of the indentation 

When an indentation is formed by a spherical indenter, the 
material around the indentation is displaced and, in general, the 
yield stress Y will bo increased. However, as we shall see below, 
the elastic limit wall not be constant at every point around the 
indentation since the amount of deformation or strain will in 
general vary from point to point. We may, however, expect 
that when full plasticity is reached there will exist an average 
or ‘representative’ value of tho elastic limit, say Y ri which is 
related to the yield pressure P m by a relation of tho type 
P m = cY r , where c is a constant having a value of about 3. 
Making this assumption we may consider the way in which Y r 
depends on the size of the indentation and hence derive a 
relation between P m and the size of the impression. 

Suppose the indentation has a chordal diameter d and a radius 
of curvature r 2 . Since it is a portion of a sphere its shape is 
completely defined by the dimensionless ratio d/r 2 . Then for all 
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indentations for which djr 2 is the same, the amount of deforma- 
tion or strain at the ‘representative’ region will be the same (if 
the grain size of the material is sufficiently small as to be irrele- 
vant). This follows because strain itself is a dimensionless 
parameter which depends only on the fractional change of 
dimensions and not on the absolute change. For example, if a 
uniform cylindrical bar 1 in. long is extended by T g in., the 
strain produced and the increase in yield stress produced by that 
strain will be the same as that occurring in a bar 3 in. long 
extended by ^ in. We may therefore say that the strain € x 
produced at the ‘representative’ region will be simply a function 
of d/r 2 . If D is the diameter of the indenter, r 2 is usually very 
nearly equal to D/2, so that is approximately a function of 
d\D. We may therefore write 

*i =f(d/D). (1) 

This equation simply means that geometrically similar indenta- 
tions produce similar strain distributions. In particular the 
strain produced at the ‘representative’ region, and hence the 
‘representative’ yield stress Y r , depend only-on d/D. Conse- 
quently the mean pressure P m which is equal to cl^. will depend 
only on d/D. Thus in the most general terms we may write 



where i/r(d/D) is some function of d/D that still has to be deter- 
mined (see Chap. II, equation (6 c)). This is, of course, the 
same as saying that geometrically similar indentations have the 
same hardness whatever the absolute size of the indentation (see 
Chap. II). 

We may express this conclusion more formally. If the metal 
is fully annealed, e x is the total strain produced at the ‘repre- 
sentative’ region by the indentation process. If, however, the 
metal has previously been cold- worked, we may consider it as 
annealed material that has undergone an initial strain e 0 . As wo 
shall see later, we may to a first approximation add this strain 
to that produced by the indentation. Hence the total strain 
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produced at the ‘representative’ region will be given by 

* = e 0 +/(<*/D). (3) 

We assume that the yield stress Y r is a single-valued function 
of the strain, i.e. if the metal is subjected to a specified amount 
of strain the yield stress can have only one value determined by 
the stress-strain characteristics of the metal. We may write 

r -*(«). (*) 

so that the ‘representative’ value of the yield stress becomes 

= (4a) 

The yield pressure when full plasticity is reached is then given 

by P m = #,+/«. (5) 

where c is a constant having a value of about 3. For a given 
metal this is, of course, identical with equation (2). 

Co-ordination of results 

One conclusion that immediately follows from equation (5) is 
that we may at once co-ordinate hardness measurements made 
with various loads and ball diameters on a given specimen. For 
a fixed metal, e 0 is constant, so that if we plot P m against djD 
we should obtain a single monotonic curve for all the loads 
and all the ball diameters used. Some results by Krupkowski 
(1931) for annealed copper are plotted in Fig. 34. It is seen that 
all the points lie about a smooth curve for ball diameters ranging 
from 1 to 30 mm. For the very small indentations it is possible 
that the conditions are not those of full plasticity, but in any 
case the principle of geometrical similarity still holds. Wc may 
also note that the curve in Fig. 34 is of the same type as the 
stress-strain curve for annealed copper. 

The yield pressure as a function of the stress-strain 
characteristic 

We may now consider a more quantitative connexion between 
the mean pressure P m and the yield stress of the material around 
the indentation. A convenient method of measuring the yield 
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stress of a material is to determine its hardness using a pyramidal 
indenter possessing a large apex angle, as in the Vickers test. 
In this case, as we shall see in Chapter VII, the mean pressure 
on the indenter is almost independent of the size of the indenta- 
tion, i.e. the hardness is almost independent of the load. If, 
therefore, we measure the Vickers hardness of a metal that has 



Fig. 34. Indentation of annealed copper for various loads and balls of various 
diameters. The plot of the mean pressure against the parameter d/D gives 
points which all lie on a single curve. Data from Krupkowski (1931). 


beon compressed or elongated by various amounts, we obtain a 
direct relation between the hardness number, the amount of 
deformation or strain, and the yield stress at any stage. This 
relation may then be used to determine the yield stress of any 
specimen of the metal (Tabor, 1948). 

Relations of this type were determined for specimens of mild 
steel and annealed copper. Blocks of these metals wore carefully 
compressed by various amounts between well-lubricated anvils 
and the yield stress at each stage of compression determined. 
The Vickers hardness numbers were also determined at each 
stage. Typical results for the mild steel specimens are shown 
in Fig. 35; the deformation is expressed as the change in length 
divided by the compressed length and corresponds to the 


CH. V 


SPHERICAL INDENTERS 


71 


fractional increase in the area of cross-section of the specimen. 
From Fig. 35 wo may determine the deformation and yield 
stress of a specimen of mild steel by simply measuring its 
Vickers hardness. For example, if the Vickers hardness is 194, 
the specimen has experienced a deformation or strain of 13 per 



Fig. 35. Yield stress (circles o) and Vickers hardness (crosses X) of mild stool 
ns a function of the deformation or strain. Tho specimen was deformed under 
compression and the strain ordinate is tho areal strain. 


cent, and its yield stress is 60 kg./mm. 2 By this means we may 
determine the yield stress of a metal when, for example, it has 
been deformed by a spherical indenter. 

Brinell impressions of various sizes were made in tho surface 
of mild steel and annealed copper specimens, and Vickers hard- 
ness measurements made at small loads (to give very small 
impressions) in the free surface of the specimen. From these 
measurements the yield stress of the deformed material in tho 
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free surface around the indentation and in the indentation was 
determined. Typical results for indentations of various sizes in 
mild steel are shown in Fig. 36. It is seen that the yield stress 
of the metal gradually rises as we approach the edge of the 
indentation. At the edge itself, the yield stress rises rapidly and 
then falls somewhat as we approach the centre of the indenta- 



Fig. 36. Determination of the yield stress in tho free surface around 
the indentation and in the indentation for impressions of various sizes 
formed in mild steel: (i) d/D = 0*84, (ii) d\D = 0-69, (iii) d/D = 0*49, 
and (iv) d/D = 0*23. 

tion. There is also a variation in yield stress at various depths 
in the bulk of the material (O’Neill, 1934). It would therefore 
appear difficult to assign a 'representative’ value to the yield 
stress of the whole material. Empirical tests suggest, however, 
that the yield stress at the edge of the indentation may be used as 
a ‘representative’ value for the whole of the deformed material 
around the impression. For example, we may compare the yield 
stress Y e at the edge of the indentation with the mean pressure 
P m involved in the formation of tho indentation. Results for 
copper and steel are given in Table IX. 
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Metal 

Size of 
impression 
(d/D) 

Y. 

(kg.jmm . *) 

p m 

(kg.lmn ».*) 

Ratio 

PJY e 

% deformation 
corresponding 
to Y t 

Annealed copper 

0-27 

10-5 

27 

2-6 

5 


0-37 

14 

39 

2-8 

8 


0-5 

16 

44 

2-8 

9 

Mild stcol 

0-23 

51 

132 

2-6 

6 


0-49 

57 

159 

2-8 

9 


0-69 

63 

161 

2-6 

15 


0-84 

70 

190 

2-7 

«20 


It is seen that over a wide range of indentation sizes, P m = cY ei 
where c has a value lying between 2-6 and 2*8. The last column 
of this table also shows that the deformation corresponding to 
Y t is approximately proportional to the ratio djD> i.e. if we 
express the deformation as a percentage 

^ 20 d/D* 

A simple example will make this relation clearer. Suppose we 
make an indentation of chordal diameter 5 mm. in a metal 
specimen with an indenter of diameter 10 mm. The ratio of d/D 
is equal to This means that the representative deformation 
is equivalent to a strain of 10 per cent. From the stress-strain 
curve of the metal we may determine the yield stress Y corre- 
sponding to a strain of 10 per cent. Then the mean pressure 
involved in producing the indentation will have a value of 
about 2-8F. 

This provides a direct means of comparing the stress-strain 
characteristics of a metal with the hardness curves. Fig. 37 
shows the results obtained for annealed copper and mild steel. 
For the hardness curves the values of P m have been plotted 
against the values of djD. For tho stress-strain curves the yield 
stress has been multiplied by a factor of 2*8 and plotted against 
the strain where the strain in per cent, has been made equal to 
go d/D. It is seen that there is close agreement between the 
hardness results and the stress-strain curves. 

By analogy with the calculations described on pp. 51-4 we 
may expect that full plasticity will be reached for the mild steel 
w hen dlD is greater than about 0*1 and for copper at a smaller 
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value. Consequently the whole of the range covered by the 
curves in Fig. 37 corresponds to a region of full plasticity in 
which c remains essentially constant. 



Fig. 37. Comparison of hardness measurements with the stress-strain 
curve. A y mild steel. J?, annealed copper, o X hardness values expressed 

as mean pressure over the indentation (Meyer hardness). stress- 

strain curve obtained from ‘frictionloss’ compression experiments. 


Yield pressure and stress-strain curves for deformed 

metals 

We may extend this analysis to hardness measurements which 
have been carried out on specimens that have been deformed 
by various amounts (Tabor, 1948). Experiments show that 
the representative deformation is approximately additive to the 
initial deformation, i.e. at the edge of the indentation where the 
yield stress is Y c the deformation may be written approximately 
as 
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In addition it is again found that P m = cY c , where c has essen- 
tially the same value as before. We should thus expect to obtain 
a series of P m -djD curves that have been displaced along the 
strain axis by amounts equal to the initial deformation of the 
specimen. An idealized curve is shown in Fig. 38 for a specimen 
that has been deformed by 0, 30, and 70 per cent. Experimental 



Fig. 38. Idealized curve showing the stress-strain curve (broken line) and 
the hardness values (continuous line) for specimens deformed by 0, 30, 
and 70 per cent. 


results obtained for annealed copper and ordinary bright mild 
steel are shown in Fig. 39. The hardness values for copper are 
for annealed specimens that have been deformed in compression 
by 0, 9*6, 17-1, 29*6, and 41*5 per cent. The hardness values for 
mild steel are for specimens that have been deformed in com- 
pression by 0, 1 1*4, 22-1, and 35*7 per cent. It is again seen that 
there is reasonably close agreement between the hardness results 
and the stress-strain curves. It will be noted, however, that the 
hardness curves deviate from the stress-strain curves at those 
regions corresponding to smaller indentations, particularly for 
the steel specimen. This is largely due to the fact that for the 
work-hardened materials the condition of full plasticity is only 
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reached for relatively large indentations, so that c can be con- 
sidered constant only for indentations larger than a critical size. 
The discrepancy is also increased by the fact that the deforma- 
tions are not exactly additive. Nevertheless, the general agree- 
ment is satisfactory. 



Fig. 39. Experimental results showing the stress-strain curve (broken lino) 
and the hardness values (continuous lino) for A , mild steel specimens; B> 
annealed copper specimens which havo been deformed by various amounts. 


Derivation of Meyer’s laws 

We may readily derive Meyer’s laws for an annealed metal. 
Over an appreciable range of deformation, the yield stress of 
most metals may be expressed approximately as a simple power 
function of the deformation or strain e, i.e. 

Y = 6e* (6) 

where b and x are constants (Nadai, 1931). 

As we have seen, the deformation € x at the edge of the indenta- 
tion is, to a first approximation, directly proportional to the 
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ratio d/D. 
and write 


We may, how r ever, assume a more general relation 


= <x(djD) v , 


(7) 


w here a and y are constants. Hence for an annealed metal the 
representative value of the yield stress at the edge of the indenta- 
tion will be given by 



Y e = be* = boc c (d/D) xv . 

(8) 

Then, since P m 

= cY e , we have 



D 4 W , Jd\" 

P - = = Ml)) ’ 

(9) 

so that 

w_ A ld\- 
d 2 " a [d J ’ 

(10) 


where A = cbo? = constant and z = xy = constant for the 
metal. 

If for convenience we write n = z+2, this yields 


W = 


Ad n 

D n ~ 2# 


( 11 ) 


Thus for indentations made with balls of different diameters, 

A> A. A ”. w = k x d n = k 2 d n = k 3 d n ..., (12) 

where k lt k 2 , k 3 ,... are given by 

A = fcjD?- 2 = k 2 DV 2 ~* = fc 3 At" a - • (13) 

The two law's expressed by equations (12) and (13) (see Chap. 
II, equations (4) and (5)) W'ere first deduced empirically by 
Meyer and are found to hold fairly accurately over a wide range 
of experimental conditions. Similar relations are also approxi- 
mately valid for materials which have been cold-worked by 
various amounts. This follow's because even for a material 
which has already been deformed by an amount £ 0 , the stress- 
strain curve may still be represented, to a first approximation, 
by a relation of the type Y = b x cfs w^here b v x x are new r con- 
stants and is the additional strain. This applies, for example, 
to the partially annealed aluminium in Fig. 9. As we saw above, 
€ x is again roughly equal to 20 djD, so that a relation identical 


78 


DEFORMATION OF METALS BY 


CH. V 


to equation (11) again results. The value of n in the Meyer 
equations now corresponds to the new value x x of the stress- 
strain index. 


The Meyer index and the stress-strain index 
It is interesting to note that according to the experimental 
measurements described above, the power y in equation (7) is 
approximately unity, so that n in equations (12) and (13) is 
roughly equal to (2+a;). On the basis of earlier work by Kokado 
(1925), O’Neill (1944) has suggested that n = 2+2x. Most of 
the values given by O’Neill, however, are considerably nearer 
the relation n = 2-fa:, as the following table shows. 

Table X 

Comparison of Meyer Index n and Stress-Strain 
Index x. From Data by O'Neill (1944) 


Metal 

Typical 
values of 
Meyer 
index n 
{O'Neill) 

n-2 

Stress- 

strain 

index 

X 

Kokado-O'NeiU 
theory: 
n — 2 

2 

Norris data : 





Mild steel A . 

2*25 

0-25 

0*259 

012 

Yellow brass 

2-44 

0-44 

0*404 

0*22 

Yellow cold drawn 

210 

0-10 

0194 

0*05 

Copper L 

2-45 

0-45 

0-414 

0*23 

Stead data : 





Steel 1A 

2-25 

0*25 

0*24 

0*12 

„ 2A . 

2-25 

0-25 

0*22 

0*12 

„ 4A . 

2-25 

0-25 

0*19 

012 

„ 6A . 

2*28 

0*28 

0*18 

0*14 

Schwarz data 
{Schwarz n-values) : 
Copper 





(annealed) . 

2-40 

0-40 

0*38 

0*20 

(rolled) 

212 

0*12 

0*04 

0*00 

Nickel 





(annealed) . 

2-50 

0*50 

0*43 

0*25 

(rolled) 

214 

0*14 

0*07 

0*07 

Aluminium 





(annoaled) . 

2-20 

0-20 

0*15 

0*10 
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Brinell hardness and the ultimate tensile strength 

We may now consider the relation between the Brinell hard- 
ness and the ultimate tensile strength of metals (Tabor, 1951). 
As we saw in Chapter III, the ultimate tensile strength T m of an 
ideal plastic metal is essentially the same as the yield stress Y. 
Since P m is approximately equal to 2-87 it follows that 

Pm & 2*8 T m . 

Hence the ratio T m IP m £3 1/2*8 = 0*36. In Brinell hardness 
measurements, where the curved area instead of the projected 
area of the indentation is used to calculate the Brinell number B , 
the value of B is usually a few per cent, less than the correspond- 
ing value of P m . Consequently the ratio of T t JB will in general 
be a few per cent, higher than 0*36, say 0*37 to 0*38. We have, 
therefore, that for fully worked metals the ratio T m jB = 0*37 
to 0*38 if T m is expressed in kg./mm. 2 If T m is expressed in 
tons/in. 2 this ratio becomes 0*23 to 0*24. This is close to the 
empirical values quoted in Chapter II (p. 17). 

By a simple extension of our earlier conclusions we may derive 
a more general relation for the ratio T m /B for metals of any 
degree of work-hardening. We consider the stress-strain curve 
of a tensile specimen where the true yield stress Y is plotted 
against the fractional increase in length e. The type of stress- 
strain curve is similar to that used in the derivation of Meyer’s 
law; we may therefore assume that 

Y = be x , (14) 

where x = n— 2 . This curve is shown by the full curve in 
Fig. 40. From this curve we may readily calculate the apparent 
or nominal stress at any stage of the deformation process. If at 
any given point the fractional increase in length is e, the length 
of the specimen is 1 +€. Since there is a negligible volume change 
during plastic deformation, the cross-section of the specimen 
will have been reduced by l/(l-fe), so that the nominal stress T 
will be given by T = Y/( l+c). Thus the variation of T with <r 
becomes, from equation (14), 


( 15 ) 
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The value of c at which this becomes a maximum is found by* 
differentiating equation (15) with respect to e and putting it 
equal to zero. Then 

dT fore*” 1 be x 

de 1+6 (l-}-e) 2 * 

or ^(1+^) = €. 



Fig. 40. Stress-strain curve under tension for a typical metal which 
work-hardons during deformation. Full curve, true stress; broken curve, 
nominal stress. Strain ordinate is linear strain. 


Hence e = ■ X . (16) 

l—x 

It is of interest to consider two special cases. For fully work- 
hardened materials x = 0; for then Y = 6c° = b = constant. 
In this case e = 0. This means that the maximum tensile stress 
T m occurs for zero strain, i.e. as soon as the metal yields plasti- 
cally it begins to fail (see Chap. Ill, Fig. 11). This is, of course, 
the reason that for work-hardened materials T m — Y. The 
second case of interest is when x = 1 . Here e = oo. This means 
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that the metal work-hardens more rapidly than its cross-section 
decreases, so that its nominal tensile stress never reaches a 
maximum but steadily increases until the metal is reduced to 
zero cross-section. In practice, of course, this never occurs, for 
the index x never has a value greater than about 0*6. 

Inserting the value of e from equation (16) in equation (15) 
we obtain the maximum value of the nominal tensile stress T m . 
We have 


[ x X 

-x) \l-x) ’ 


or 


T = 

m l+x/(l 




(17) 


We now determine the hardness value in terms of the stress- 
strain curve. If the indentation used in the hardness measure- 
ment has a size of d/D = the representative strain corresponds 
to € = 10 per cent, or c = 0-1. Consequently the representative 
yield stress becomes y — fc(0-l) x 

Thus the yield pressure P m may be written 

P m = 2-86(01)* (18) 

Since for an indentation of this size the ratio of the curved area 
of the indentation to the projected area is 1-07, the B.H.N. B 

i.e. 


will be about 7 per cent, less than P„„ 

B = 2-626(0-1)*. 

Combining equations (17) and (19) we find 

10x \ x 


T m 1-xl lOxV* 
B ~ 2-62 \l-xj 


(19) 


( 20 ) 


The value of this ratio for values of x ranging from 0 to 0-6 is 
given in Table XI and plotted in Fig. 41. 


Table XI 

Ratio of T„JB for an Indentation d/D = \ 


X 

0 

01 

0-2 

0-3 

0-4 

0*5 

0-7 

XJB 

0-38 

0-35 

0-37 

0-42 

0-40 

0-60 

0-81 


4930. 20 


G 
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Since most Brinell hardness measurements are made with 
indentations ranging from about djD = 0*3 to djD = 0*7, 
similar calculations have been made for these values of d/D. 
It should bo noted that for d/D = 0*3, P m = 1*0242?, whilst 



Fig. 41 . Ratio of Brinell hardness B to ultimate tensile strength T tn as a func- 
tion of the Meyer index n. The ratio depends slightly on the size of the 
indentation and the curves are drawn for three sizes, djD = 0*3, 0-5, and 0-7. 
The experimental results, taken from O’Neill, are shown as black circles. 


c = 0-06. Similarly for djD = 0*7, P m = 1*172?, whilst € = 0*14. 
This leads to the following relations: 


For 5 = 0-3, 
For 1 = 0-7, 


T m _ l-a;/16*7a;\* 
B — 2*73 \1 — x ) ' 

T m _ l-x/l'Uxy 
B ““ 2*39 \ l—x ) 0 


(20 a) 
(20 b) 


These results are also plotted on Fig. 41. It is seen that all the 
curves have the same characteristic. For values of the Meyer 
index ranging between 2 and 2*2 the ratio is roughly constant 
at a value of about 0*36 (in kg./mm. 2 ). For higher values of the 
Meyer index the ratio increases fairly rapidly and reaches an 
upper value of about 0*5 (in kg./mm. 2 ). 
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The results obtained from practical experiments are shown in 
circles for metals including drawn brass, annealed aluminium, 
and tool steel. These results are based on values given by 
O’Neill, but the data do not indicate the size of the indentations 
from which the practical ratio was deduced. Nevertheless, the 
general trend of results is similar to the theoretical curves and 
the points lie very close to the curve for djD = 0*7. If we had 
taken the constant c in the relation P m = cY as being equal to 
3 instead of 2*8, the observed results would lie around the 
theoretical curve for djD = 0*5. We cannot expect better agree- 
ment than this, since the assumptions involved in this derivation 
are of an approximate nature. First, we have assumed that the 
stress-strain curve can be represented by a relation Y = be x . 
This holds only over a limited range. Secondly, we have assumed 
that x = n— 2; thirdly, that the strain in the indentation used 
in tho hardness measurements is 20 d/D. These assumptions are 
only approximate and small deviations lead to much larger 
errors in the ratio T m /B. Nevertheless, as has been pointed out, 
the general trend of the experimental results and the actual 
values themselves are reasonably close to the theoretical curves. 

It is of course clear that this treatment will not be valid if 
important structural changes occur in the tensile test which do 
not occur in the hardness measurements. This presumably 
applies to certain austenitic steels and also to materials containing 
serious flaws. For other metals, however, as the analysis shows, 
the hardness measurements may provide a simple and fairly 
reliable means of determining the tensile strength. (For a fuller 
discussion see Tabor, 1951.) 
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CHAPTER VI 

DEFORMATION OF METALS BY 
SPHERICAL INDENTERS 
‘SHALLOWING’ AND ELASTIC ‘RECOVERY’ 

Cyclic deformation of ‘recovered’ indentations 
We have already noted that the permanent indentation left in 
a metal surface deformed by a hard spherical indenter has a 
larger radius of curvature than that of the indenting sphere. 
This effect has generally been ascribed to the release of elastic 
stresses in the specimen. It is at once evident that if this is 
indeed the case, it should be essentially reversible. That is to 
say, if the indenter is replaced in the ‘recovered’ indentation and 
the original load is applied, the surfaces should deform elasti- 
cally, and on removing the load, the diameter and curvature of 
the ‘recovered’ indentation should remain unchanged. 

We may now describe experiments which were earned out to 
test this (Tabor, 1948). A series of impressions were made with 
hard steel balls of various diameters on various metal surfaces, 
using loads ranging from 250 kg. to 3,000 kg. The diameters d 
of the impressions formed were measured after 1, 2, 3, and 5 
cyclic applications of the load. The radius of curvature r 2 of the 
recovered indentation was also measured, using (a) a delicate 
profilometer, (b) a inetallographic section across the diameter 
of the indentation. The values of d were reproducible to less 
than 1 per cent. The radii of curvature as determined by the 
profilometer method were reproducible to about 4 per cent. 
A few of these values were compared with those obtained from 
direct photomicrographs of the sections across the diameter of 
the indentation; the agreement was of the order of 1-2 per cent. 
For example, with a single application of load of 500 kg. on mild 
steel (10-mm. ball) the radius of curvature of the indentation by 
the profilometer method (mean of three determinations) was 
0*595 cm. and by the direct contour method 0*605 cm. These 
values are typical. The results obtained in those experiments 
are given in Table XII. 
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Table XII 


Metal 

Radius of 
ball r 2 
(cm.) 

Load 

(%•) 

Dimensions of indentations {cm.) 
Number of applications of load 
12 3 5 

Brass . 

0-952 

500 d 

0-27 

0-270 

0-270 

0-270 



*2 

1-21 

1-21 

1-19 

1-20 

Aluminium alloy . 

0-952 

500 d 

0-26 

0*260 

0-263 

# 9 



f 2 

Mr, 

1-10 

1-16 

# # 

Mild steel . 

0-5 

500 d 

0-183 

0-185 

0-186 

0-192 



U 

0-595 

0-585 

0*66 

. # 

Hardened steel 

0-5 

1,000 d 

0-202 

0-200 

0-203 

0-206 



r i 

0-677 

0-677 

0-68 

0-652 


0-952 

3,000 d 

0-330 

0-330 

0-338 

0-338 



r t 

1-39 

1-37 

1-31 

1-37 


1*59 

3,000 d 

0-370 

0*366 

0-366 

0-365 



*« 

2-80 

2-77 

2-84 

2-71 


It is seen that the indentation remains essentially unaltered 
in diameter and curvature after the second and third applica- 
tions of the original load. This shows that the ‘recovery’ of the 
indentation when the load is removed is reversible and is there- 
fore due to the release of elastic stresses. 

‘Shallowing’ and elastic ‘recovery’ 

Since the ‘recovery’ of the indentation is truly elastic, we may 
apply the classical laws of elasticity to the change in shape of 
the indentation. We idealize the condition of the surface of the 
metal after the indentation has been formed, and assume that 
it consists of a plane surface XABY containing a depression of 
spherical form of radius of curvature r 2 and of diameter d=2a 
(Fig. 42a). 

W hen a hard steel sphere (radius of curvature r x ) is placed in 
the indentation, and a normal force of F dynes is applied, both 
surfaces are elastically deformed to a common radius of curva- 
ture r where r 2 > r > r x and the deformed surfaces finally touch 
over the boundaries of the indentation (Fig. 42 6). We assume 
that there is very little change in the diameter d during this 
deformation, an assumption which is generally accepted as being 
valid to within a few per cent. Then, according to Hertz’s clas- 
sical equations (Hertz, 1896) describing the elastic deformation 
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of spherical surfaces, the relationship between d, r v and r 2 is 
given by 



where E v E 2 are Young’s moduli for the indenter and the metal, 
and where we have assumed a value of 0*3 for Poisson’s ratio. 



Flo. 42. Indentation produced by a spherical indenter : (a) ‘recovered* indenta- 
tion after removal of load, (6) after reapplication of load. 


In a discussion of the derivation of this equation, Prescott 
(1927) has indicated that even if the surface XABY is not a 
plane, the same equation will result. If, for example, the surface 
rises at the regions A and B as in Fig. 43 a or falls as in Fig. 43 4, 
the above equation is still valid, provided the projections or 
depressions at A and B are not too marked. 


(b) 

(. 43. 

We apply this equation to the previous measurements of r lf 
r 2 , F } and d . We compare the value of d obtained from equation 
(1) with the observed value of the diameter of the recovered 
impression. The results are given in Table XIII. It is seen that 
the agreement between the last two columns is reasonably good, 
particularly as the accuracy in determining r 2 is not better than 
about 4 per cent. 
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Assumed value of 
E x ( dynes/cm .*) 

Load 

Observed values (cm.) 

Calculated 

d 

Material 

</■•'/■) 

n 

r* 

d 

(cm.) 

Brass 

10X10 11 

260 

0-5 

0-64 

0-160 

0-17 



600 

0-952 

Ml 

0-27 

0-26 

Aluminium 

7 X 10 u 

260 

0-5 

0-66 

0-178 

0-18 

alloy 


600 

0-952 

1*16 

0-26 

0-30 

Mild steel 

20x10 “ 

500 

0-5 

0-605 

0-183 

0-20 

Hardened 

20x10 “ 

1,000 

0-5 

0-677 

0-202 

0-22 

steel 


3,000 

0-952 

1-39 

0*880 

0-36 



3,000 

l *69 

2-80 

0-370 

0-39 


As a matter of interest, wo make use of the observations of 
earlier workers. 

1. Profiles given by Batson (1918) for a ball of diameter 10 mm. 
and a load of 3 y 000 kg. on three types of steel. We assume that 
E t = 20 X 10 u dynes/cm. 2 for all the steels. The results are given 
in Table XIV. 

Table XIV 


Material 

Observed values (cm.) 

Calculated d 

(cm.) 

n 


d 

Ni Cr steel . 

0-5 

0-627 

0-324 

0-34 

Manganese steel . 

0-5 

0-509 

0-407 

0*41 

Rail steel 

0-5 

0-537 

0-445 

0*49 


It is seen that the agreement between the observed and 
calculated values of d is reasonably good. 

2. Profiles given by Foss and Brumfield (1922) for a ball of 
10 mm. diameter on various brasses. The results are tabulated 
in Table XV. 

Table XV 



Assumed value of 
E t (dynes/cm.*) 

Load 

(*?•) 

Observed values (cm.) 

Calculated 
d (cm.) 

n 

** 

d 

Soft brass 1 

9x10“ 

3,000 

0*5 

0-518 

0-555 

0*7 

Soft brass 2 

9X10“ 

500 

0*5 

0*681 

0-880 

0*38 

Hard bronze 3 

7*5 X 10“ 

3,000 

0*5 

0*617 

0*407 

0*66 

Soft bronze 4 

7*5X10“ 

500 

0*5 

0-567 

0-870 

0*28 

Hard bronze 5 

7*5 X 10“ 

3,000 

0-5 

0-531 

0-409 

0-63 

Soft bronze 6 

7*5 X 10“ 

500 

0-5 

0-566 

0-302 

0-28 
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It is soon that the agreement for the smaller loads (500 kg.) 
is good, whilst the agreement for the higher loads (3,000 kg.) is 
poor. This is probably because for the larger indentations the 
Hertzian equations are not accurately applicable. In addition, 
for soft metals the values of r 2 are very little different from r x 
for high loads, so that the errors introduced in calculating 
( r i r 2 )l( r 2 — r i) ma y be very large. In the following table we take 
results where r is greater than 0*55 cm. 

3. Profiles given by Foss and Brumfield (1922) for a ball of 
10 mm. diameter and a load of 3,000 kg. on various steels. Wo 
assume that E % = 20 X 10 11 dynes/cm. 2 for all the steels. The 
results are given in Table XVI, and it is seen that the agreement 
between d (calculated) and d (observed) is close. 


Table XVI 


Metal 

Observed values (cm.) 

Calculated d 

(cm.) 

n 

r t 

d 

0-5C-A 

0-5 

0-56 

0-440 

0-43 

0-5C-W 

0*5 

103 

0-20 

0-25 

0-9C-T 

0*5 

0-814 

0-31 

0-28 

0-9C-W 

0-5 

1-372 

0-240 

• 0-23 

MKD 455 

0-5 

0-568 

0-349 

0-36 


These results show' that in general the agreement between the 
observed and calculated values of d is reasonably good, particu- 
larly when r 2 is not too close to r l9 i.e. when the elastic ‘recovery* 
is marked. It is, of course, true that as the calculation of d 
involves a cube root, the values of F , r v r 2 , E v and E 2 are not 
very critical. Nevertheless, the agreement is consistent for a 
wide diversity of materials and experimental conditions. 

Distribution of stresses 

It is interesting to consider why the shape of the recovered 
indentation is essentially spherical. The Hertzian analysis shows 
that in the elastic deformation of solid bodies in contact there 
is only one pressure distribution which will deform a flat surface 
to a portion of a sphere or a spherical surface into a sphere of 
different radius. The normal stress distribution for this is shown 
in Chapter IV, Fig. 23, and is reproduced here in the full line 
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in Fig. 44. Now the analysis by Ishlinsky shows that in the 
jilastic deformation of metals by a spherical indenter the pressure 
distribution is given in Fig. 20, p. 42. This is reproduced in the 
broken line in Fig. 44. It is seen that the stress distribution is 
similar to the full line. Thus the stress distribution involved in 



Fia. 44. Pressuro distribution over circle of contact for a raotnl 
deformed by a spherical indenter. F ull line, elastic deformation 
(Hertz); broken line, plastic deformation (Ishlinsky). 


the plastic formation of the indentation is similar to that in- 
volved in the elastic deformation of spherical surfaces. Conse- 
quently when the load is removed the elastic stresses in the bulk 
of the metal are released and deform the indentation in a manner 
similar to that involved in the elastic deformation of spherical 
surfaces, where a spherical surface is deformed into a sphere of 
different curvature. It is for this reason that the recovered 
indentation is essentially spherical in shape. If the stress distri- 
bution during plastic deformation were widely different this 
would not be the case. This conclusion again suggests that 
though the premises on which the Ishlinsky analysis is based 
are not valid physically, the results obtained are close approxi- 
mations to the true state of affairs. 


00 


DEFORMATION OF METALS BY 


CH. VI 


Released elastic stresses and the adhesion of metals 

These released elastic stresses play a very important part in 
the adhesion of metal surfaces. Investigations on the friction 
and surface damage of sliding metals show that when metal 
surfaces are placed together, the metal at the regions of real 
contact flows plastically to form metallic junctions which aro 
large compared with atomic dimensions. These junctions must 
be sheared during sliding, and the frictional force is, in fact, 
essentially the shear strength of these junctions. When the 
junctions are sheared there is often a transfer of metal from one 
surface to the other and a microscopic examination of the sur- 
faces provides direct evidence for the formation, and shearing, 
of these junctions (Bowden, Moore, and Tabor, 1941). This is 
observed even if the speed of sliding is so small that the frictional 
heating is slight, so that the temperature at the interface is not 
appreciably higher than room temperature. Under these con- 
ditions, therefore, the formation of the junctions is due essen- 
tially to a process of cold welding which takes place when the 
regions of contact flow plastically. 

We may therefore ask why do the metals not show appreciable 
normal adhesion ? It is common experience that if a piece of 
copper is pressed on to a piece of steel, even if the surfaces aro 
completely freed of lubricant films, they do not adhere together. 
Nevertheless, if they slide on one another there is ample evidence 
to show that intermetallic junctions arc formed and sheared 
during the sliding process. Are these observations mutually 
contradictory ? 

There are two answers to this question. First, the sliding pro- 
cess itself tends to break up surface contaminant films that may 
otherwise tend to interfere with the formation of metallic junc- 
tions. These films are not so readily penetrated under normal 
loading when sliding does not take place. Secondly, with harder 
metals the release of clastic stresses, as the load is removed, 
tends to break any junctions that may have been formed, so 
that by the time the load is completely removed there may bo 
no junctions left. This view is confirmed by the fact that with 
softer metals where the released elastic stresses are much smaller. 
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and where the junctions are appreciably more ductile, marked 
adhesion may be observed. If, for example, a clean steel ball is 
pressed on to the surface of a freshly cleaned bar of indium with 
a force of say 3 kg. it is found that the surfaces adhere very 
strongly and a normal force of about 3 kg. is roquired to separate 
the ball from the indium (see Fig. 45). Further, the sphero is 



Kio. 45. Adhesion of a clean steel ball pressed into the surface of a freshly 
Korapcd spocimcn of indium. The force of adhesion is approximately equal to 
the original joining load. Diamoter of stool ball time of loading 10 sec. 


covered with small fragments of indium showing that the metal- 
lic junctions formed at the interface are at least as strong as the 
indium itself. For this reason the rupture occurs within the bulk 
of the indium specimen (McFarlane and Tabor, 1950). 

It is interesting to estimate the change in shape of a typical 
indentation as a result of the released elastic stresses. If a steel 
ball of diameter 5 mm. is pressed on to the surface of a bar of 
indium with a force of 3 kg. it forms an indentation possessing 
a chordal diameter of about 2 mm. since the yield pressure of 
indium is only about 1 kg./mm. 2 If no adhesion occurred there 
would be relaxation of clastic stresses on removing the load 
and calculations show that the recovered indentation would 
have a radius of curvature of 2-51 mm. Thus the edge of the 
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indentation would separate from the surface of the sphere by 
a distance of less than 10~ 4 cm. This is extremely small, and in 
practice this separation could readily bo taken up by the duc- 
tility of the indium itself. 

If a similar experiment were carried out on a steel bar of yield 
pressure 160 kg./mm. 2 the load necessary to produce an indenta- 
tion possessing a chordal diameter of 2 mm. would be about 
500 kg. On removing the load the recovered indentation would 
have a radius of curvature of 2-74 mm. This corresponds to a 
separation at the edge of the indentation of about 2x 10~ 3 cm. 
This is about 20 times the separation occurring in the case of 
indium and is apparently sufficient to break the metallic junc- 
tions. 

It is not difficult to derive a general relation for the separation 
A h at the edge of the indentation when the load is removed. If d 
is the chordal diameter of the indentation, r x the radius of curva- 
ture of the indenter, and r 2 the radius of curvature of the 
recovered indentation (see Fig. 42 a), we may write, to a first 
approximation 



From equation (1) we may express (V~ r i)/( r i r 2 ) * n terms of the 
Young’s moduli of the indenter and the metal, E x and E t respec- 
tively, and in terms of the load W, where Wg — F. Remember- 
ing that the yield pressure P m of the metal is given by 

P m = 

we obtain finally 

Ah = 0-58 X 10 8 P m </(l + l), (3) 

where A h and d are in cm., P m is in kg./mm. 2 , and E v E 2 are 
in dynes/cm. 2 It is evident from this equation that Ah is 
larger for harder metals, and as these are generally less ductile 
there is less chance of the metallic junctions remaining intact. 
Calculations such as these indicate the extent to which the 
elastic recovery of harder metals may nullify the adhesion which 
occurs when the load is originally applied. It is possible that in 
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the sintering of metal powders, one of the reasons for carrying 
out the experiments at high temperatures is to release, by 
thermal means, the elastic stresses developed in the granules 
when the compact is formed. For a fuller discussion see 
McFarlane and Tabor (1950). 

• 

The processes involved in the Brinell test 

We may now summarize the conclusions of the last three 
chapters and describe the processes involved in the Brinell hard- 
ness test. When a hard steel ball presses on to the surface of a 
metal specimen under examination the metal is first deformed 
elastically. As the load is increased, a stage is reached at which 
the maximum shear stress in the metal exceeds its elastic limit 
and the onset of plastic deformation occurs. This takes place 
when the mean pressure between the metal and the indenter 
reaches a value of about 1-1 Y (where Y is the yield stress or 
elastic limit of the metal), but the plastic deformation is confined 
to a small region below the centre of the region of contact. As 
the load is further increased, the mean pressure increases and 
the region of plasticity grows until the whole of the material 
around the region of contact is flowing plastically. At this stage 
the mean pressure reaches a value of about 3 Y. If the load is 
further increased the indenter sinks farther into the metal but 
the mean yield pressure remains approximately constant at a 
value of about 3 Y. This, of course, assumes that the material 
does not work-harden. If, as is generally the case, the metal 
work-hardens during the course of the indentation process, the 
effective value of Y may be considerably higher than the value 
of Y at the initial stage of the deformation. Consequently there 
are two simultaneous factors involved in the Brinell hardness 
test. The first is the transition from the onset of plastic deforma- 
tion to Tull’ plasticity as the mean pressure increases from 1-1F 
to 3F. The second is the increase in Y itself as the indentation 
process proceeds. 

Most Brinell hardness measurements are carried out in 
the range where Tull’ plasticity is reached, so that the main 
factor influencing the increase in yield pressure with load is the 
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work-hardening characteristic of the metal. The extent to which 
the metal is work-hardened depends on the deformation produced 
by the indentation itself. This may be expressed in terms of the 
size of the indentation. Thus the effective deformation produced 
by an indentation of chordal diameter d, when the indenter has 
a diameter D, is approximately equal to 20 d/D, where the 
deformation is expressed as a percentage strain. In this way the 
increase in yield pressure with the size of the indentation may be 
directly correlated with the stress-strain characteristic of the 
metal. This analysis explains the well-established empirical laws 
of Meyer and also shows that the work-hardening index x is 
related to the Meyer index n by the relation n & 

When equilibrium has been reached in the formation of an 
indentation, and plastic flow has come to an end, the whole of 
the load is borne by elastic stresses in the material. If the load 
is removed there is elastic ‘recovery’ of the indentation, with 
a corresponding change in its shape. If the indenter is re-applied 
to the recovered indentation with the same load the surfaces 
deform elastically until they just fit over the diameter of the 
original impression. The elastic stresses now. reach the limits 
that the deformed material around the indentation can stand. 
If the load is removed or reduced, there is, as we have seen, a 
release of elastic stresses. If it is further increased, the stresses 
exceed the elastic limit and further flow of the metal occurs. 
There is a further increase in the size of the indentation and 
consequently in the amount of work-hardening and the process 
continues until the stresses, which are distributed over a larger 
indentation, again fall within the increased elastic limit. 
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CHAPTER VII 


HARDNESS MEASUREMENTS WITH 
CONICAL AND PYRAMIDAL INDENTERS 


Conical indenters 

A CONICAL diamond indenter for hardness measurements was 
first introduced by Ludwik in 1908. He used a cone having an 
included angle of 90° and defined the hardness as the mean 
pressure over the surface of the indentation. Thus if, for a 



Fio. 46. Indentation of work-hardenod copper by a conical indenter. Full line, 
poorly lubricated surfaces; broken line, well-lubricatod surfaces (Bishop, Hil l’ 
and Mott, 1945). The dotted line is calculated from equation (2) assuming 
a valuo for the coefficient of friction of p «= 0-2. 


load W, the diameter of the impression is d, the surface area of 
the impression is «PV2/4, so that the Ludwik hardness number 
H l is given by 4J p 

" ( 1 ) 


Hr = - . 

L V2tt d* 


As we have seen in Chapter II, this pressure has no real physical 
significance. The true pressure P between the indenter and the 


94 


DEFORMATION OF METALS 


CH. VI 


work-hardening characteristic of the metal. The extent to which 
the metal is w ork-hardened depends on the deformation produced 
by the indentation itself. This may be expressed in terms of the 
size of the indentation. Thus the effective deformation produced 
by an indentation of chordal diameter d> when the indenter has 
a diameter D, is approximately equal to 20 d/D, where the 
deformation is expressed as a percentage strain. In this way the 
increase in yield pressure with the size of the indentation may be 
directly correlated with the stress-strain characteristic of the 
metal. This analysis explains the well-established empirical laws 
of Meyer and also shows that the w'ork-hardening index x is 
related to the Meyer index n by the relation n x+2. 

When equilibrium has been reached in the formation of an 
indentation, and plastic flow has come to an end, the whole of 
the load is borne by elastic stresses in the material. If the load 
is removed there is elastic ‘recovery’ of the indentation, wdth 
a corresponding change in its shape. If the indenter is re-applied 
to the recovered indentation with the same load the surfaces 
deform elastically until they just fit over the diameter of the 
original impression. The elastic stresses now reach the limits 
that the deformed material around the indentation can stand. 
If the load is removed or reduced, there is, as we have seen, a 
release of elastic stresses. If it is further increased, the stresses 
exceed the elastic limit and further flow of the metal occurs. 
There is a further increase in the size of the indentation and 
consequently in the amount of w ork-hardening and the process 
continues until the stresses, which are distributed over a larger 
indentation, again fall within the increased elastic limit. 

REFERENCES 

Batson, R. G. (1918), Proc . Instn. Mech . Engrs. 2, 403. 

Bowden, F. P., Moore, A. J. W., and Tabor, D. (1943), J. App. Phys. 

14, 80. 

Foss, F., and Brumfield, R. (1922), Proc . Amer. Soc. Test. Mat. 22, 312. 
Hertz, H. (1881), J. reine angew. Math . 92, 156 ; see also Miscellaneous 

Papers (1896), London. 

McFarlane, J. S., and Tabor, D. (1950), Proc . Roy . Soc., A 202, 224. 
Prescott, J. (1927), Applied Elasticity , Longmans, London. 

Tabor, D. (1948), Proc . Roy . Soc . A 192, 247. 


CHAPTER VII 

HARDNESS MEASUREMENTS WITH 
CONICAL AND PYRAMIDAL INDENTERS 


Conical indenters 

A coxical diamond indenter for hardness measurements was 
first introduced by Ludwik in 1908. He used a cone having an 
included angle of 90° and defined the hardness as the mean 
pressure over the surface of the indentation. Thus if, for a 



1 °'i 46 i J rulent “ tlo,l of work-hardoned copper by a conical indenter. Full lino, 
poorly ^bncated surfaces; broken lino, woll-lubricated surfaces (Bishop, Hill, 
und Mott, 194o). Iho dotted lino is calculated from equation (2) assuming 
a value for the coefficient of friction of p = 0*2. 


load W, the diameter of the impression is d, the surface area of 
the impression is mf*V2/4, so that the Ludwik hardness number 
H l is given by 

( 1 ) 


ii = JiL 
L 


As we have seen in Chapter II, this pressure has no real phj'sical 
significance. The true pressure P between the indenter and the 
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indentation, if there is no friction between the surfaces, is again 
given by the ratio of the load to the projected area of the indenta- 
tion, i.e. P = AW/nd 2 . It follows, therefore, that the Ludwik 
hardness number is simply 1/V2 of the mean yield pressure P. 
Experiments show that the Ludwik hardness is practically inde- 
pendent of the load though it depends on the angle of the cone. 
This is shown in Fig. 46 for a hard steel cone indenting work- 
hardened copper (Bishop, Hill, and Mott, 1945). It is seen that 
the more pointed the cone (i.e. the smaller the semi-angle) the 
larger the yield pressure. This may be partly due to the detailed 
processes involved in the plastic flow of metal around a conical 
indenter (see later). Hankins, however, suggested that this in- 
crease in yield pressure may be explained in terms of the friction 
between the cone and the metal. This would seem to be sup- 
ported by the observation that when precautions are taken to 
eliminate the effect of friction between the indenter and the 
metal, the yield pressure is much more nearly constant (broken 
line, Fig. 46).f 

Hankins (1925) assumes that there is an intrinsic yield pres- 
sure P which is independent of the shape of the indenter. Then 
over any element of surface of the cone of area dS , the force 
normal to the element is P dS (Fig. 47). If the coefficient of 
friction between the surface of the cone and the indentation is /z, 
the frictional force tangential to the element is \iP dS. The 
components of these forces in the horizontal direction, when 
summed over the whole area of the cone, cancel out because 
of symmetry. The components in the vertical direction are 
P dS sin a and fiP dS cos a, and these, when summed over the 
area of the cone, must be equal to the normal force W. 

Hence 

w = jdW = j (PdSsina+pP dS cos a) 

= P(l+/xCota) J sill a dS. 

f The experimental results shown in the broken lino, Fig. 46, were carried 
out with a lubricated indenter which was withdrawn from the indentation and 
replaced with fresh lubricant and the original load re-applied. The process was 
continued until, for any fixed load, thero was no further increase in the size 
of the indentation. 
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But dS sin tx is the projection of the area dS on the section A H, 
so that the integral of dS sin « is simply equal to the area of the 
section A B, i.e. mi*/4. Hence 


or 


W = P( 1 +jii cot ot)ird 2 /4: 



( 2 ) 


W 



Fiti. 47. Role of friction liotwoon a conical indenter and the 
deformed metal as treated by Hankins (1925). 


where P 0 is the yield pressure when there is no friction. It is 
apparent that on this model the yield pressure is larger the 
smaller the value of at, i.e. the more pointed the cone. Assuming 
a value of /t = 0-2 and a value of P 0 = 57 kg./mm. 2 , the results 
obtained using equation (2) are shown in the dotted line in 
Fig. 46. Tho agreement is good. It is doubtful, however, 
whether this model is satisfactory on general physical grounds.' 
For example, when the cone becomes a flat cylindrical punch 
(a = 90°), P = 4]V j-nd 2 ; this implies that the yield pressure is 
independent of the friction between the face of the indenter and 
the indentation. The full plastic treatment shows that this is 
not true. The analysis is too complicated to be given here, but 
the general trend has already been described in Chapter III. 

Pyramidal indenters 

The diamond pyramidal indenter was first introduced in hard- 
ness measurements by Smith and Sandland (1922) and was later 

H 
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developed by Messrs. Vickers-Armstrong, Ltd. It is also used 
in the Firth hardness apparatus. The indenter is in the form of 
a square pyramid and in the Vickers hardness machine the 
opposite faces make an angle of 136° with one another. The 
choice of this angle is based on an analogy with the Brinell test . 
For a Brinell test using a ball of diameter D it is customary to 
use indentations of diameters ranging between 0*252) and 0*52). 
The average of these is 0*3752). When tangents are drawn from 


✓ 




the points of contact of an impression of this diameter and the 
circumference of the indenter the included angle is 136° (see 
Fig. 48). The geometry of the indenter is such that tho base of 
the pyramid has an area equal to 0-927 times the surface area 
of the faces. Since the Vickers hardness H„ is defined as the load 
divided by tho surface area of tho indentation, the yield pressuro 
P is related to tho Vickers hardness number by the relation 

II V = 0-927 P. 

In making Vickers hardness measurements the lengths of tho 
diagonals of the indentation are measured. If the mean value 
of this is d, and the indentation is square, the projected area of 
the indentation is d 2 /2, so that the yield pressure is 2Wjd*. 

Hence H v = 0-927(2 W/d 2 ). 

The loads usually range from 1 to 120 kg. according to the hard- 
ness of the metal under examination, and the indentation usually 
has a diagonal length less than 1 mm. Smaller loads may also 
bo used when a micro-hardness examination is needed, though 
this necessarily reduces the accuracy of measurement. Tho 
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Vickers hardness is expressed in kg./mm. 2 and for normal use 
the accuracy may be better than \ per cent. Experiments show 
(see F. C. Lea, 1936) that the Vickers hardness number is 
independent of the size of the indentation and therefore of the 
load. In this it differs from the Brinell test, but for a given load 



Fic. 49. Relation botween Vickers and Brinell hardness valuos. Curve I 
Brinoll values obtained using a 10-mra. steel ball loaded to give an impros! 
sion equal to 0-375 times tho diameter of tho ball. Curve II, Brinoll values 
obtained using a 10-mm. steel ball under a constant load of 3,000 kg 
Based on data given by Williams (1942). 

the Brinell and Vickers numbers are generally very noarly equal, 
as Fig. 49 shows. 

Although the indenter, being made of diamond, suffers very 
little deformation during the formation of the indentation, it is 
generally found that when the indenter is removed tho impres- 
sion is not a perfect square. For example, for annealed metals 
the impression has concave boundaries (pincushion appearance) 
corresponding to ‘sinking-in’ of the metal around the flat faces 
of the pyramid. For highly worked materials tho indentation 
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has convex boundaries (barrel-shaped appearance) correspond- 
ing to ‘piling-up’ of the metal around the faces of the indenter. 
Empirical corrections for these effects have been suggested. 

The Knoop indenter 

This indenter is a diamond pyramid in which the included 
conical angles, subtended by the longer and shorter edges respec- 
tively, are 172° 30' and 130° respectively (Fig. 50). The indenta- 



Fio. 50. (a) Tho diamond indenter used in Knoop hardness measurements, 

(6) tho indentation formed. This has a length sovon times its breadth. 

tion formed has the shape of a parallelogram in which tho longer 
diagonal is about 7 times as large as the shorter diagonal (Knoop, 
Peters, and Emerson, 1939). Experiments show that there may 
be considerable reduction in the shorter diagonal, when tho load 
W is removed, due to elastic ‘recovery’. The longer diagonal /, 
however, changes very little in length and is used as the basis 
for the hardness measurement. From the geometry of the in- 
denter and the length l, the projected area A of the ‘unrecovered’ 
indentation is calculated and the Knoop hardness H k is defined 
as H k = W l A. On the other hand, the change in dimensions of 
the shorter diagonal may be used as a measure of the elastic 
properties of the material. 

In general the loads used in the Knoop tests vary from about 
0-2 to 4 kg. with indentations of length about O' 1 mm. The 
hardness values are not markedly dependent on the load and 
are almost identical with the Vickers hardness numbers. How- 
ever, the Vickers indenter penetrates the surface about twice as 


CH. vn CONICAL AND PYRAMIDAL INDENTERS 101 

far as the Knoop indenter for the same load so that, when 
operating at equal loads, the Vickers test is less sensitive to 
surface variations than the Knoop test. Indeed the shallowness 
of the Knoop indentation provides a means of examining the 
hardness of the uppermost surface layers of a metal. In addition 
the Knoop indenter often produces satisfactory indentations in 
materials such as glass which are not easily indentable by the 
Vickers pyramid or by a spherical indenter. It has even been 
possible to produce Knoop indentations in diamond, and the 
resulting hardness is about 6,000 kg./mm. 2 (Lysaght, 1946). 

The indentation of an ideal plastic metal by a wedge- 
shaped indenter 

The indentation of an ideal plastic solid by a conical or 
pyramidal indenter involves theoretical problems which have 



6 


Km. 51. Slip-line pnttorn for a two-dimensional wodgo penetrating an ideally 
plastic matorial of yiold stress Y (Hill, Loo, and Tup per, 1947). Tho prossuro 
across tho face of tho indenter is uniform and hus tho value P = 2k( 1 -(- 0), 
where 9 is tho unglo II UK in radians. This analysis allows for tho displacement 
of tho deformed material. 

not yet been satisfactorily resolved. A rigorous solution for tho 
two-dimensional model has, however, been obtained by Hill, 
Lee, and Tupper (1947). Tho two-dimensional indenter, of 
course, becomes a wedge, and the shape of the indentation is 
geometrically similar whatever its size. Consequently whatever 
t he size of the indentation the flow pattern is unchanged and tho 
pressure between the indenter and the indentation remains 
constant. The region over which large-scale plastic flow occurs 
is shown in Fig. 51, and experiments show that there is very 
good agreement between the theoretical flow pattern and that 
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observed in practice. It should be noted that this analysis 
takes into account the displacement of the deformed material. 
It may be shown from geometric considerations that the angle 0 
in Fig. 51 is related to the semi-angle a of the wedge by the 


relation: 


cos(2a — 0) = 


cos 0 
l-fsin0’ 


The variation of 6 with a is shown in curve I, Fig. 52. 

We may follow the progress of an a slip-line from the free 
surface to the surface of the indenter (Fig. 51). At the free sur- 
face Q — 0 so that p = k. Along the a slip-line we have (seo 
Chap. Ill, equation (6)) 

p-\-2k<f> = constant, 

so that, starting from the free surface with <f> = 0, the constant 
must equal p. Hence 

p-\- 2k(f> = k. 

In following the a slip-line from the free surface to the surface 
of the indenter, the angle turned through is <f> = —6. Hence 

p = k+2k0. 

The pressure normal to the surface of the indenter is given 
by P = p+k , so that 

P=2k(l+0). 

The same value is obtained at all points along the surface of the 
indenter, so that if the friction at the interface is negligible the 
pressure P across the face of the indenter is uniform. The varia- 
tion of P with 0 and hence with a is shown in curve II, Fig. 52. 

If we adopt the Huber-Mises criterion, for which 2k = 1-15F, 
wo have p = i.i 5Y (i + e). 

Thus when the semi-angle a of the wedge is 90° it becomes a 
two-dimensional flat punch for which 

P = 2^(1 + ^) = 2&(2-57) = 2-967. 

As the angle a is reduced P steadily decreases (curve II, Fig. 52). 
It is, however, evident that for angles of a lying between 70 J and 
90° the change in P is not large and over this range the yield 
pressure is of the order of 3 7. 


OH. vii CONICAL AND PYRAMIDAL INDENTERS 103 

If there is appreciable friction between the indenter and the 
indentation, the flow pattern is modified. The pressure is no 
longer uniform but increases towards the apex of the indenter 
and the mean value of the pressure increases. For moderato 



Fig. 52. Penetration of an ideal plastic metal by a two-dimensional 
wedge of somi-anglo a. Carve I, variations of 0 (see Fig. 51) as a 
function of a. Curve IT, variation of pressure on wedge as a function 
of a. (Theoretical results obtained by Hill, Lee, and Tuppor, 1947.) 

values of /x, however, and for indenters which are not too 
pointed, the effect does not appear to be very marked. 

Indentation by conical and pyramidal indenters 

We have already seen in Chapter III that for the two-dimen- 
sional flat punch the yield pressure is very similar to that 
observed for a flat circular punch. Wo may therefore expect 
that the solution for the two-dimensional wedge is roughly valid 
for the three-dimensional indenter, particularly if the serai-angle 
is not too small. This is supported by the observation that for 
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conical inelenters of semi-angle greater than about 60°, for 
square pyramidal indenters of semi-angle 68°, and for the Knoop 
indenter where the semi-angle for the two pairs of opposite edges 
is 86° 15' and 65°, the hardness value or the yield pressure is 
essentially the same. It is reasonable, therefore, to expect a 
quantitative agreement between the observed yield pressure 
and that calculated from the two-dimensional model. Simple 
experiments show that this is true (Tabor, 1948). For example, 
some results obtained with the Vickers diamond pyramid in- 
denting work-hardened metals are summarized in Table XVII. 

Table XVII 


Metal 

Y 

(kfj.lmm*) 

P 

( kg. /mm .*) 

Ratio P/Y 

Work -hardened tellurium-load . 

2-1 

6-7 

3*2 

Work-hardened aluminium 

12-3 

39-5 

3*2 

Work-hardened copper 

27 

88 

3*3 

Work-hardened stool 

70 

227 

3*2 


In these experiments it is found that the yield pressure P is 
independent of the load, and the results show that for metals 
which range in yield pressure by a factor of 30, the ratio between 
P and 7 is approximately constant and has a value of about 
3*37. The theoretical value is of the order of 37. The somewhat 
higher value observed may be due to the effect of friction or to 
the fact that the two-dimensional model is not as satisfactory 
for the pointed indenter as for the flat punch. The discrepancy 
becomes very much more marked for cones or pyramids of small 
semi-angles. Experiments show that the yield pressure increases 
as the semi-angle decreases (see full line, Fig. 46). The two- 
dimensional model, however, provides a decreasing pressure 
with decreasing angle (see Fig. 52). It would seem that this 
effect is not entirely attributable to the friction between the 
indenter and the indentation. Thus even when the frictional 
effects are reduced to a minimum there is no sign of a decrease 
in pressure with decreasing angle (broken line, Fig. 46). The 
discrepancy is probably due to the fact that the flow pattern 
for three-dimensional deformation is different from that which 
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obtains in two-dimensional deformation. This divergence is 
not very marked for flat indenters, but for pointed indenters it 
becomes sufficiently important to yield results that are appre- 
ciably in error. 

With conical and pyramidal indenters we do not face the 
problem of the ‘onset’ of plastic deformation, as with spherical 
indenters. If the point of the indenter is geometrically perfect 
it may be considered as a portion of a sphere of vanishingly 
small radius. Consequently when it first touches the surface it 
produces plastic flow for the smallest loads. Once penetration 
has commenced the indentation is sensibly constant in shape 
and the flow pattern is unchanged whatever the size of the 
indentation. Consequently the yield pressure does not depend 
on the size of the indentation, i.e. it is independent of the load. 

Indentation of metals which work -harden 

It is a relatively simple matter to apply the above conclusions 
to metals which undergo work-hardening as a result of the 
indentation process itself. We assume again that there is a 
representative yield stress 7 which is related to the yield pres- 
sure P by a relation P — c7, where, for the Vickers indenter, 
c has a value of about 3*3. From the geometry of the pyramid 
this means that the Vickers hardness number //„ = c7, where c 
has a value of 2*9 to 3. If we compare the stress-strain curve 
of a metal with its Vickers hardness value at various stages of 
work -hardening, inspection indicates that the representative 
deformation produced by the indentation itself corresponds to 
an additional strain of about 8 to 10 per cent. 

The results obtained for steel and copper specimens are shown 
in Table XVIII (Tabor, 1948). In these experiments Vickers 
hardness measurements were made on specimens of these metals 
after they had been deformed by various amounts e 0 . The yield 
stress 7 corresponding to a deformation of (c 0 +8) per cent, was 
then determined from the stress-strain curves of the metals. 
This value is assumed to correspond to the ‘representative’ 
value of the yield stress around the indentation. If it is multi- 
plied by a constant c having a value of 2-9 to 3, it should agree 
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with the observed Vickers hardness number. The last two 
columns show that this is approximately true over a wide range 
of deformations. We would not expect better agreement over 
the whole range, since the additional deformation produced by 
the indentation is not truly additive to any initial deformation. 
Nevertheless, the agreement indicates that the general picture 
is reasonably valid. In addition it is clear from the value of the 
indentational strain (8 per cent.) and from the value of c (2*9 to 
3) that the Vickers hardness numbers will be close to the Brinell 
hardness numbers over an appreciable range of hardness values. 
The deviation observed with very hard metals has already been 
discussed in Chapter IV, pp. 55-60. 


Table XVIII 


Metal 

Initial 
deformation 
(e 0 per cent.) 

* = (*.+ 8) 
(per cent.) 

Y ate 
( kg. /mm .*) 

cY 

Observed 

Vickers 

hardness 

number 

Mild steel 

0 

8 

55 

2 9Y 
159 

156 


6 

14 

62 

176 

177 


10 

18 

66 

190 

187 


13 

21 

67 

194 

193 


25 

33 

73 

211 

209 

Annealed coppor . 

0 

8 

15 

30Y 

45 

39 

6 

14 

20 

60 

58 


12*5 

20-5 

23*3 

70 

69 


17-5 

25*5 

25 

75 

76 


25 

33 

26-6 

80 

81 


Pincushion and barrel -shaped indentations 

It is clear from earlier discussions that the detailed shape of 
the indentation will depend on the degree of work-hardening of 
the metal under examination. If the metal is highly worked, so 
that no appreciable work-hardening is produced by the indenta- 
tion process itself, the metal behaves approximately as an ideally 
plastic material and the displacement of the metal will follow 
the flow pattern indicated by the two-dimensional model in 
Fig. 51. The displaced material will, indeed, tend to flow up the 
faces of the indenter, but since it will be less constrained on the 
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faces than on the corners, it will rise more at these regions than 
at the edges. Thus with the Vickers indenter, the indentation 
will be wider at the centre of the faces than at the edges. This 
produces, in effect, a barrel-shaped indentation. 

If, on the other hand, the metal is annealed, the displaced 
material is pushed out at some distance from the indenter, as 
we saw in Chapter V, Fig. 33. The indentation is sunk below 
the general level of the surface and the effect is more marked 
at the centre of the faces than at the edges. This in turn pro- 
duces a pincushion-shaped impression. 

Vickers hardness number and the ultimate tensile 
strength 

W e may derive a relation between the Vickers hardness num- 
ber and the ultimate tensile strength in a manner similar to that 
discussed in Chapter V. If the true stress-strain curve of the 
metal may be expressed by a relation Y = 6^, the ultimate 
tensile strength T m has the value 

Tf the Vickers indentation produces a strain of 8 per cent, the 
representative yield stress is given by Y = b( 0-08) x , so that the 
Vickers hardness number is given by 

//„ = 2-96(0-08)*. 

Consequently the ratio of T m to //„ is given by 



The result obtained is plotted in Fig. 53. It should be noted that 
here, again, the value of the Meyor index n (whero n « x-{-2) is 
still required to determine the value of the ratio (Tabor, 1951). 

Rockwell and Monotron hardness 

It is not out of place to discuss here the Rockwell and Mono- 
tron tests, both of which are based on measurements of the depth 
of penetration. In the Rockwell test a load of 10 kg. is first 
applied to the surface and the depth of penetration is reckoned 
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Fig. 53. Ratio of Vickors hardness H v to ultimate tensile strength T m ns a 
function of the Meyer index n. • Brinoll results from O’Neill (1934). 


as the zero of further measurement. A further load of 90 kg. or 
140 kg. is then applied and removed, leaving the minor load, and 
the additional depth of the indentation recorded directly on a 
suitable dial gauge. The hardness is then expressed in terms of 
the dial reading, and the value so obtained may be correlated 
with Vickers or Brinell hardness values. For softer materials a 
spherical indenter is used (Rockwell ‘B’), for harder metals a 
conical indenter with a hemispherical tip (Rockwell ‘C’). 

The Rockwell test has two great advantages. First, the appli- 
cation and retention of the minor load prepares the surface upon 
which the increment in penetration due to the major load is 
based. Secondly, the hardness value is read directly on the dial 
gauge and optical measurements of the indentation diameter are 
unnecessary. As we have seen, however, there may be appre- 
ciable elastic ‘recovery’ when the major load is removed and 
the depth of the recovered indentation may be considerably 
less than that of the unrecovered indentation. Consequently 
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hardness values deduced from the depth of tho recovered indenta- 
tion may be appreciably in error. If, of course, the apparatus 
is calibrated on materials possessing approximately the same 
Young’s moduli, the error may be small. But it is quite possible 
for two metals to have the same elastic limit but widely different 
elastic moduli. For example, work-hardened copper and pure 
iron have elastic limits of about 30 kg./mm. 2 corresponding to 
a true yield pressure of about 90 kg./mm. 2 But the elastic 
modulus of copper is about 10 12 dynes/cm. 2 , whilst for iron it is 
about 2 X 10 12 dynes/cm. 2 Consequently the recovered indenta- 
tion for the iron specimen will be shallower than for the copper, 
so that the penetration method will tend to give a higher hard- 
ness value to the iron. 

In the Monotron test (Shore Instrument Company) this defect 
does not apply. Here the load required to produce a fixed depth 
of penetration is measured. The measurement is made whilst 
the load is applied so that there are no complications due to 
clastic recovery. There will, however, be some elastic yielding 
of the metal during the application of the load, for the indenta- 
tion process as a whole drags the surface down (elastically) into 
the metal specimen, as may be seen by comparing Fig. 426 and 
Fig. 42 a in Chapter VI. A little consideration shows that this 
will bo of the same order of magnitude as the elastic recovery 
associated with the shallowing of the indentation w hen the load 
is removed, though it will, of course, be in the opposite direction. 
Thus with the copper and iron specimens discussed in the pre- 
vious paragraph the load required for the indenter to descend 
a fixed depth will be less for the copper than for the iron, so 
that the iron will again appear to be the harder. 

Another source of error in tho determination of hardness from 
depth measurements is the effect of ‘piling-up’ or ‘sinking-in’ 
which will vary from one metal to another according to its state 
of work-hardening. If these effects may be neglected, and if the 
plastic deformation is large compared with the elastic effects (so 
that the errors due to elastic recovery or elastic deformation may 
be considered unimportant), it is relatively simple to derive a 
relationship between the hardness values obtained from depth 
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measurements and those obtained from direct measurements of 
the indentation diameter. Suppose the indenter is a sphere of 
diameter D which undergoes negligible deformation during the 
indentation process. Suppose it is pressed into the surface with 
a load W and produces an indentation of chordal diameter 
d = 2a. Then the depth of penetration i is, by simple geometry, 
given by the relation (D—t)t = a 2 . Since t is usually small com- 
pared with j D, we may write 

, a 2 __ d 2 
D 4Z>* 


Now the mean pressure P across the indentation, which is 
equivalent to the Moyer hardness, is given by 


P 


4 W 

7 rd 2 ' 


Hence 


W_ 
PttD 


( 4 ) 


Thus if the depth of penetration is kept constant, as in the 
Monotron test, the load W is proportional to P. Since the 
Brinell hardness is only a few per cent, smaller than P (except 
for deep indentations), this means that W should be approxi- 
mately proportional to the B.H.N. This is generally found to 
be the case. For example, the result obtained for the Monotron 
‘Universal’ C-D scale, involving the use of a spherical diamond 
indenter, is shown in Fig. 54. It is seen that the Monotron hard- 
ness value is, in fact, roughly proportional to the Brinell hard- 
ness. 

If, on the other hand, the load is kept constant, as in the 
Rockw ell test, equation (4) shows that the depth of penetration f 
is proportional to 1/P, so that the depth of penetration decreases 
with increasing hardness. In order to provide an increasing 
scale with hardness, the Rockwell tester records not the actual 
depth penetrated, but a quantity R given by 100 scale divisions 
minus the depth penetrated. This gives a scale of hardness 
values in which the hardness increases with R. We have 


R = constant— £. 
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Hence R = C 2 /P 9 (5) 

where C x and C 2 are suitable constants. This type of relation is 
approximately obeyed in the Rockwell test when a spherical 
indenter is employed. If, however, the conical indenter is em- 
ployed, a different relation is obtained. If a is the semi-angle 



Fia. 54. Relation between Brinell hardness values and hardnoss measurements 
based on depth of penetration. For the Monotron test (broken lino) the relation 
is approximately linear; for the Roekwell ‘C* test using a sphorically tipped 
cone (full line) the relation is of tho parabolic typo. These curves are drawn from 
data issued by tho Shore Instrument Company. The dotted line has boon 
drawn to the empirical equation R c = 124(1 — 12-2/VB), where Bis the Brinell 

hardness number. 


of the cone, the depth is t = a cot a. Since tho mean pressure is 
again given by P = IF/(77a 2 ) w T e have that 


t = 




( 6 ) 


It follows that the Rockwell number will be expressed by a 
relation of the type R = c a —CJ*JP, (7) 


w r here C z and C A are suitable constants. A typical result showing 
the relation betw een the B.H.N. and the Rockwell ‘C’ hardness 
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(involving the use of a spherically tipped conical indenter) is 
given in Fig. 54. We again assume that P is not widely different 
from J5, the B.H.N. It is seen that the theoretical relation is 
approximately obeyed and the curve very roughly fits a relation 
of the type R c = 124(1 — 12-2/VP). We should not expect a 
better fit, since this relation does not take into account the 
effects of elastic recovery, the effects of ‘piling-up’ or ‘sinking- 
in’, the difference between Brinell hardness and the Meyer hard- 
ness P, nor the fact that the indenter is not truly conical because 
of its spherical tip. Moro accurate relations have been derived 
empirically by the manufacturers, and recently Holm (1949) has 
given a more detailed treatment ofthe effect of elastic ‘recovery’. 
Nevertheless, the curves which are given in Fig. 54 (based on 
data given by the Shore Instrument Company) show that the 
above discussion provides an essentially valid picture of the 
physical principles involved in the determination of hardness 
from depth measurements. 

The meaning of hardness: the Vickers and Brinell test 

It is clear from the analysis given in this and the preceding 
chapters that indentation hardness measurements are essentially 
a measure of the elastic limit or yield stress of the material being 
examined. For most types of indenters in common use the yield 
pressure between the metal and the indenter when appreciable 
plastic flow has occurred is about three times the effective yield 
stress of the metal. Although there is some elastic recovery of 
the indentation when the indenter is removed, the main change 
in dimensions occurs in the depth rather than in the projected 
area of the indentation. Consequently the yield pressure, or the 
hardness, as determined from the area of the recovered indenta- 
tion is very nearly equal to the pressure which obtains during 
the actual formation of the indentation. It is essentially depen- 
dent on the plastic properties of the metal and only to a secon- 
dary extent on the elastic properties. If, however, the hardness 
measurements are based on a determination of the depth of the 
indentation, the elastic recovery may produce marked changes 
in the calculated pressure, and there may also be appreciable 
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‘piling-up’ or ‘sinking-in.’ In such methods, therefore, the calcu- 
lated yield pressure may be appreciably different from that 
which obtains during the actual formation of the indentation. 

With pyramidal or conical indenters, where the indentation is 
geometrically similar whatever its size, the mean pressure to 
produce plastic flow under the indenter is almost independent 
of the size of the indentation. Consequently the hardness num- 
ber has a single value over a wide range of loads. In practice 
this is very convenient, for it means that with this type of hard- 
ness measurement it is not necessary to specify the load. How- 
ever, this test deprives us of a means of estimating the degree 
of w'ork-hardening of the metal. 

With spherical indenters, on the other hand, the shape of the 
indentation varies with its size, so that the amount of work- 
hardening and hence the elastic limit increases with the size of 
the indentation. As a result the yield pressure in general in- 
creases with the load. For this reason, in Brinell hardness 
measurements it is necessary to specify the load and the diameter 
of the indenter. How ever, this increase in yield pressure with 
size of indentation provides useful information about the metal; 
first, about the elastic limit or yield stress of the specimen, and 
secondly, about the w r ay in which the yield stress increases with 
the amount of deformation. For this reason, although such 
measurements involve more trouble than measurements w r ith 
conical or pyramidal indenters, they provide more information. 
Indeed, hardness measurements made with spherical indenters 
and the Meyer analysis to which they may be subjected enable 
us to determine the degree of w r ork-hardening of the metal under 
examination and to deduce its stress-strain characteristics. 
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CHAPTER VIII 


DYNAMIC OR REBOUND HARDNESS 

Indentation produced by impact 

The dynamic hardness of a metal may be defined, by analogy 
with static hardness, as the resistance of the metal to local 
indentation when the indentation is produced by a rapidly 
moving indentcr. In most practical methods the indenter is 
allowed to fall under gravity on to the metal surface. It re- 
bounds to a certain height and leaves an indentation in the 
surface. Martel showed in 1895 that, over a wide range of 
experimental conditions, the volume of the indentation so 
formed is directly proportional to the kinetic energy of the 
indenter and these observations have been confirmed by Vincent 
(1900) and other workers. It is easy to show that this implies 
that the metal offers an average pressure of resistance to the 
indenter equal numerically to the ratio 

energy of indenter 
volume of indentation * 

For example, suppose the indenter is of spherical or conical form 
and suppose that there is a constant dynamic pressure P resist- 
ing indentation during impact. If at any instant the projected 
area of the indentation is A, the force exerted by the metal on 
the indenter is PA. If in the next instant the indenter pene- 
trates a further distance dx , the work done will be PA dx. The 
total work expended in forming the indentation is simply 

f PA dx = P f A dx = PV, 

where V is the volume of the indentation. According to Martel 
this may be equated to the energy of impact, so that 

p _ energy of impact 

V • 

This has the dimensions of pressure and is sometimes referred to 
as the dynamic hardness number. Later workers have discussed 
the validity of this relation in some detail. In particular it has 
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CHAPTER VTIT 


DYNAMIC OR REBOUND HARDNESS 

Indentation produced by impact 

The dynamic hardness of a metal may be defined, by analogy 
with static hardness, as the resistance of the metal to local 
indentation when the indentation is produced by a rapidly 
moving indenter. In most practical methods the indenter is 
allowed to fall under gravity on to the metal surface. It re- 
bounds to a certain height and leaves an indentation in the 
surface. Martel showed in 1895 that, over a wide range of 
experimental conditions, the volume of the indentation so 
formed is directly proportional to the kinetic energy of the 
indenter and these observations have been confirmed by Vincent 
(1900) and other workers. It is easy to show that this implies 
that the metal offers an average pressure of resistance to the 
indenter equal numerically to the ratio 

energy of indenter 
volume of indentation ’ 

For example, suppose the indenter is of spherical or conical form 
and suppose that there is a constant dynamic pressure P resist- 
ing indentation during impact. If at any instant the projected 
area of the indentation is A , the force exerted by the metal on 
the indenter is PA. If in the next instant the indenter pene- 
trates a further distance dx , the work done will be PA dx. The 
total work expended in forming the indentation is simply 

\ PAdx = P [ Adx = PV, 

J J 

where V is the volume of the indentation. According to Martel 
this may be equated to tho energy of impact, so that 
p _ energy of impact 
V • 

This has the dimensions of pressure and is sometimes referred to 
as the d 3 mamic hardness number. Later workers have discussed 
the validity of this relation in some detail. In particular it has 
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been suggested that the energy of rebound should be taken into 
account in calculating the dynamic hardness. It is, indeed, 
evident that the energy expended in producing the indentation, 
after rebound has occurred, is equal to the energy of impact 
minus the energy of rebound. This quantity is then equal to 
the product of P and the volume of the indentation remaining 
in the surface. It would appear that in the earlier work con- 
fusion arose from the fact that there was no clear distinction 
between the indentation formed during the collision and the 
indentation remaining after rebound had occurred. As we shall 
see below, there may be an appreciable change in the volume 
of the indentation (as a result of elastic recovery) when rebound 
occurs, and this change as well as the energy of rebound must 
be taken into account in calculating the dynamic hardness. 

A different approach is that adopted by Shore (1918) and by 
Roudie (1930). In these methods the height of rebound itself is 
used as a measure of the dynamic hardness. It is found that if 
the height of fall is constant, the height of rebound is roughly 
proportional to the static hardness of the material concerned. 
In what follows we shall analyse the processes involved in im- 
pact experiments and develop a simple theory which explains 
a number of empirical relations observed in dynamic hardness 
measurements. 

Four main stages of impact 

Suppose a hard spherical indenter is dropped on to the hori- 
zontal flat surface of a softer metal which is in the form of a 
massive anvil. The indenter strikes the surface and rebounds, 
leaving an indentation in the surface. The impact may be divided 
into four main stages. At first the region of contact will be de- 
formed elastically, and if the impact is sufficiently gentle the sur- 
faces will then recover elastically and separate without residual 
deformation. The collision in this case is purely elastic and the 
time of impact, mean pressures, and deformations are given by 
Hertz’s equations for elastic collisions. The second stage occurs 
if the impact is such that the mean pressure exceeds about Ml, 
where Y is the yield stress or elastic limit of the metal. A slight 
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amount of plastic deformation will occur and the collision will 
no longer be truly elastic. As wo shall see below, this onset of 
plastic deformation occurs for extremely small impact energies. 
At higher energies of impact the deformation rapidly passes over 
to a condition of ‘full’ plasticity (stage 3) and full-scale plastic 
deformation proceeds until the whole of the kinetic energy of 
the indenter is consumed. Finally, a release of elastic stresses in 
the indenter and in the indentation takes place as a result of 
which rebound occurs (stage 4). 

A full analysis of the four phases involved in the collision 
process is extremely complicated and difficult. An attempt has 
been made by Andrews (1930), who was mainly concerned with 
the time of collision, to calculate the time involved in each part 
of the collision process, but the treatment was of an admittedly 
approximate nature. If, however, we restrict ourselves to a 
consideration of the forces involved, and not the time of colli- 
sion, we may simplify the analysis considerably (Tabor, 1948). 

Mean dynamic yield pressure P 

We assume that there is a dynamic yield pressure P which to 
a first approximation is constant and which is not necessarily 
the same as the static pressure necessary to cause plastic flow. 
This assumption implies that whenever the pressure during 
impact reaches the value P, plastic flow occurs and so long as 
plastic flow continues the pressure remains constant at this 
value. If, after impact has occurred, the volume of the remain- 
ing permanent indentation is V r) the work done as plastic energy 
in producing this indentation is, by definition of P, given by 

W 3 = PV r . (1) 

Clearly the energy Tfl, is the difference between the energy of 
impact W x and the energy of rebound W 2 . All that remains, 
therefore, is to calculate W 2 and the volume V r . 

Suppose the indenter has a mass m and a spherical tip of 
radius of curvature r x and that it falls from a height h x on to a 
flat metal surface. After the collision the indenter rebounds to 
a height h 2 and leaves a permanent indentation in the metal 
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surface of chordal diameter d — 2a (Fig. 55). We assume that 
the mechanism involved in the dynamic indentation is essen- 
tially the same as that which occurs under static conditions. 

That is to say, when the plastic 
deformation has been completed 
there is a release of elastic stresses 
in the indenter and in the indenta- 
tion. We assume that the energy 
involved in the release of these 
elastic stresses is equal to the 
energy of rebound of the indenter. 
Finally, we assume that Young's 
moduli for the indenter and the 
metal are essentially the same as 
for static conditions. 

Consider the indentation after 
the impact has occurred. Since 
there has been a release of elastic 
stresses in the indentation, its 
radius of curvature will not be r x 
but will be somewhat greater, say 
r 2 . If we were to apply a suitable 
load F to the indenter for a very 
short interval, it would deform the 
indentation (and itself) elastically, 
and according to Hertz’s equation it would just touch over the 
diameter d, where 



where f(E) = (1— (1— o|)/2? 2 . Here E x and E 2 arc 
Young’s moduli for the indenter and the surface respectively, 
and or 1} <t 2 are Poisson’s ratios. 

We estimate the elastic energy involved in this process by 
calculating the external work performed in pressing the indenter 
into the indentation. As the indenter sinks into the indentation 
the force increases from zero and reaches the final value F given 




Fig. 55. A hard spherical indenter 
of mass m, radius r lf fulls from a 
height h x on to a massive anvil, 
rebounds to a height h % and 
leaves an indentation of chordal 
diameter d. 
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by equation (2) as the full contact across the diameter d = 2a 

is completed. At any intermediate instant when the region of 
contact has a diameter 2a (where a < a) the force on the 
indenter, given by equation (2), is 

* = (3) 

or 

At this stage, as a result of the elastic deformation of both con- 
tacting surfaces, the centre of the indenter has descended a 
distance z (Prescott, 1927) given by 

z = ^AE), (4) 

where f(E) has the same meanings as in equation (2). Substi- 
tuting in equation (4) from equation (3) we have 

z - tStW. <**> 

Then the integral of SF dz over the range a = 0 to a = a is the 
total elastic energy K stored in the surfaces. We have 

k = j &dz = 

o 

= JL —f(E). (5) 

10 a Jy ' 

But this process is the exact converse of what happens when the 
surfaces recover elastically and the indenter is ejected from the 
indentation. Since the process is elastic, the energy involved in 
both cases is the same, so that K is equal to the energy of 
rebound. 

3 F 2 

Hence W 2 = mgh 2 = ± —f(E). (6) 

1 U CL 

The volume V r of the permanent indentation left in the surface 
may be written to a first approximation as V r = (7ra 4 )/(4r 2 ). 

W 3=Wi -W 2 = PV r =P^ 


Hence 


( 7 ) 
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We now express r 2 in terms of r x and F from equation (2). 


1 

^2 


1 3 F f(F ) 

7ria» f(E) - 


Hence W 3 = ^f(E), (8) 

since the force F at the end of indentation is equal to Pira ?. Tlie 
first term of equation (8) is simply PV a , where V a is the apparent 
volume of the indentation which would be obtained if the in- 
dentation were considered to have the same radius of curvaturo 
as the indenter. The second term, by comparison with equation 
(6), is seen to be equal to \W 2 . 

Hence W 2 = PV a -\W 2 . 

Thug p = mg (t,-W. 

'o 

The validity of this analysis depends on the assumption that 
the internal forces occurring in the actual impact are essentially 
tho same as those involved in the analytical model just described. 
In particular, we assume that the elastic w r aves set up in the 
indenter and the metal specimen absorb a negligible amount 
of energy. We also assume that the temperature rise of tho 
material around the indentation during the impact is small and 
has a negligible effect on the strength properties of the metal. 

It is at once apparent that if the rebound is not very largo 
(so that h 2 is small) the results will not be very different from 
tho equation given by Martel, P = mghj V a > nor from the equa- 
tion suggested by later workers, P = mg^— h 2 )IV a . 


(*>) 

( 10 ) 


The effect of variation in the value of P 

In the above derivation we have assumed that P is a constant 
throughout the process of impact. There are, however, two 
reasons why we may expect P to vary during tho collision. 
The first is a dynamic effect associated with the kinetic displace- 
ment of the metal during impact. This will tend to increase P 
at the initial stages of the deformation when the velocity of 
displacement is a maximum (see later). It is difficult, however, 
to express this effect quantitatively. The second reason is that 
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work-hardening of the deformed material will occur during tho 
formation of the indentation. As a result, P will tend to increaso 
during impact in a manner similar to that observed in static 
hardness measurements, as described in Chapter II. We may 
make some estimate of the order of this effect by assuming that, 
on analogy with the static indentations, we can write 

P = kd n ~* y 

where n lies between 2 and 2*5. Then the work W z expended in 
displacing plastically a volume V r becomes 




pv 

n+2 r ’ 


(la) 


where P is now the mean pressure at tho end of the deforming 
process. This is also the pressure involved in the calculation of 
the rebound. Substituting this value of W z in the appropriate 
equations, we obtain for the mean pressure at the end of the 
indentation process, 


‘ K 


(10 a) 


The last term in the bracket varies from |A 2 to as n varies 
from 2 to 2*5, so that this term tends to give lower values for P. 
On the other hand, the term in front of the main bracket 
increases from 1 to 112 as n increases from 2 to 2-5. The total 
effect is to give values of P which are somewhat greater than 
those given in equation (10). The difference, however, will 
never be more than about 10 per cent. 


The validity of equations (6) and (10) 

Remembering that at the end of the indentation process, 
F = tt(P P , we rewrite equation (6) as 

*■ 




10 nuj \ E 1l 1 E 2 r 
Assuming a value of 0-3 for Poisson’s ratio for both surfaces, 




this gives 


K — 


2 -JaPP 2 

mg 




( 66 ) 
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Since the apparent volume of the indentation V a is proportional 
to a 4 , this means that h 2 is proportional to F* for any fixed 
material. Plotting h 2 against V a on logarithmic ordinates, we 
should obtain straight lines with a slope of £, if P is constant. 
Some results taken from Edwards and Austin’s paper (1923) are 
plotted in Fig. 56, and it is seen that this is approximately true. 



Fig. 56. Flot of height of rebound (/**) against apparent volume of indentation 
( V u ) for a spherical indenter impacting on various metals. The experimental 
results are from a paper by Edwards and Austin (1923) and it is soon that for 
each metal the points lie on a straight line of slope close to the theoretical value. 

If P is not constant but varies in the manner given by equation 
(11) we find that the logarithmic graph of h 2 against V a is still 
a straight line, but the slope has a value of (3+2w— 4)/4, i.e. it 
varies from f to 1 as n varies from 2 to 2-5. It is seen from 
Fig. 56 that in fact the points for each material lie on a straight 
line, and that the slope lies between 0*7 and 0*85. 

Again, for indentations of a fixed diameter, h 2 should be pro- 
portional to P 2 ^--!--^^. If, therefore, wo plot h 2 against 

p J(e 1 on logarithmic ordinates, we should obtain a 
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straight line of slope £. Results taken from the same paper arc 
plotted in Fig. 57, the values of P being calculated according 
to equation (10). There is again good agreement, the slope of 
the straight line being 0*51. In this case, any dependence of P 
on the size of the indentation does not appreciably affect the 
relation. 



Fig. 57. Plot of P^(\IE x -\-\IE t ) against h 2 for a fixed size of indentation. 
The results are based on data given by Edwards and Austin (1923) and the 
points lie on a straight line of slope 0-51. The theoretical slope is 0-5. 


Finally, we may eliminate a between equations (6 a) and (10). 
The resulting relation between h v h 2) and P is given by 


7 ,s A* va 104 ( 1 V 

(K-$h 2 )* rf nHW\f(E)J ' 


( 11 ) 


A similar relation is obtained if equation (10 a) is used instead 
of equation (10). If we assume a value of 0*3 for a 1 and a 2 , 
equation (11) gives 


P 5 = 


hi 


mg 


(Ai-fA*) 8 109 r? (l/J^+l/Zy*- 


(11 a) 


Since the bracket involving Young’s moduli does not vary 
greatly for most metals, we may treat this factor as a constant 
and plot P as a function of h 2 for a given height of fall h v The 
theoretical curve is shown in Fig. 58. If we allow for the fact 
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that softer metals usually have a smaller Young’s modulus, the 
curve is modified in a manner similar to that shown in the dotted 
curve. This analysis assumes that P is constant. If there is any 
increase in P due to work-hardening, it may be allowed for 
approximately by using equations (6 a) and (10 a), but the result- 
ing curve is not very different from that given in Fig. 58. Tho 



Fig. 58. Dynamic yield pressure (or hardness) as a function of the height of 
rebound for a fixed height of fall of 100 cm. Full lino — assuming that Young’s 
modulus is the same for all metals ; broken line — assuming that for softer metals 
Young’s modulus has a smaller value than for hard metals. 

effect of the velocity of collision on P is more difficult to allow 
for, but in any case the results given in Fig. 58 will give a fairly 
reliable value of the pressure developed in the course of the 
collision process. 

It is, however, clear that even if the metal does not work- 
harden, and even if the velocity of impact has no effect on P, 
the dynamic yield pressure given by Fig. 58 will not be a single- 
valued constant of the metal. It will depend on the size of the 
indentation formed, corresponding to the transition from the 
onset of plastic deformation to full plasticity. Thus witli a light 
impact, where the collision may be almost entirely elastic, the 
pressure P involved will be only about 1- 1/2-8 = 1/2-5 times the 
pressure involved in a heavier impact where appreciable deforma- 
tion occurs. This has been observed in some impact experiments 


cn.vm DYNAMIC OH REBOUND HARDNESS 125 

described by Davies (1949). With a steel ball of diameter 1 cm. 
falling on to a tool steel surface, the onset of plastic deformation 
occurred for a height of fall of 1 cm. corresponding to a yield 
pressure P of about 160 kg./mm. 2 For a large indentation, how- 
ever, the yield pressure was of the order of 360 kg./mm. 2 

It is evident, therefore, that Fig. 58 is approximately valid, 
if the ordinate refers to the yield pressure during the collision 
itself. If by yield pressure we mean the pressure associated with 
‘full’ plastic deformation the results in Fig. 58 will be valid for 
the smaller heights of rebound sinco here the impressions will be 
fairly large. It will not bo valid for tho greater heights of re- 
bound since here the collision process approaches the conditions 
associated with the onset of plastic deformation. In this region, 
as we have seen, the yield pressure associated with full plasticity 
will be two to three times larger. Thus if we wish to plot height 
of rebound (for a fixed height of fall) as a function of the yield 
pressure at the fully plastic stage, the lower portion of the curve 
will be similar to that given in Fig. 58, whilst the upper portion 
will be pushed over to the right. This will introduce a more 
marked S-shaped curve into the characteristic. This discussion 
is relevant in the calibration of the Shore rebound sclcroscope. 

Shore rebound scleroscope 

In the Shore rebound scleroscope a small indentor supported 
in a vertical glass tube falls from a height of about 25 cm. on to 
the specimen to be tested and the height of rebound is observed. 
The height of fall is divided into 1 40 equal divisions and hard 
steels give a height of rebound of the order of 90 to 100 divisions. 
The tip of the indenter may be a diamond with a spherical end 
or a hard steel ball of diameter 3 mm. The calibration charac- 
teristic is shown in Fig. 59 (Shore, 1918), where the height of 
rebound is plotted against the Brinell hardness of the metal. It 
is seen that there is a rather wide scatter in experimental results. 
Nevertheless, the scleroscope is often useful in determining 
the hardness of massive engineering parts since the rebound 
measurements may be carried out in situ. 

As we shall see later, for most metals at a velocity of impact 
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corresponding to a height of fall of 25 cm. the dynamic yield 
pressure is not widely different from the static yield pressure. 
Consequently we should expect agreement between the calibra- 
tion curve in Fig. 59 and the theoretical curve in Fig. 58. 
However, the B.H.N.s are obtained when appreciable plastic 
deformation has occurred, whereas for the harder metals the 



Fio. 59. Calibration characteristic of the Shoro rebound scleroscopo, allowing 
the height of rebound (for a fixed height of fall) as a function of the static 
hardness of metals (from data given by Shoro, 1918). The curve is similar to 
the theoretical curve given in Fig. 58. 

scleroscope produces relatively small indentations. Consequently 
the results of Fig. 58 should be modified in the light of the discus- 
sion given above and should show a more pronounced S-shaped 
curve for the harder metals. This is apparent in Fig. 59, and 
the general calibration curve of the scleromoter is in reasonably 
good agreement with the theoretical results. 

The condition for elastic collisions 

It is interesting to consider what happens when the rebound is 
equal to the height of fall. In this case the processes of impact 
and rebound become entirely elastic, and there is no plastic 
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deformation of the anvil. If we go back to the Hertzian equations 
and calculate the final average pressure P e developed between 
the indenter and the anvil in a purely elastic collision, we obtain 
a relation 8 a 104 m(jh 

(IZ) 


p * 5 3 77*4*3* r? 


lKl 1 V 
x W)}’ 


or putting cq = a 2 = 0-3 


ps = J_ wA 

e 26 - 6 rf(l/# 1 +l/£ 2 ) 4 ‘ 


(12a) 


But equations (12) and (12 a) are exactly the same as the value 
for P obtained from equations (11) and (11a) when h 2 is put 
equal to h v Two conclusions follows from this result. Firstly, 
equation (1 1) is valid right up to a rebound of 100 per cent. In 
the latter case, the pressure obtained from equation (12) is then 
the final mean pressure between indenter and specimen. Second- 
ly, plastic deformation will not occur if the yield pressure of the 
specimen is higher than the value of P 6 given in equation (12). If 
it is less than P e , plastic deformation occurs and the value of P 
in equation (11) gives the dynamic yield pressure of the material. 
This approach has been used by Davies (1949) to study the onset 
of plastic yielding under dynamic conditions (see also Taylor, 
1946). A similar approach has also been made by Tagg (1947) 
in discussing the deformation of steel pivots in sapphire jewels 
as a result of impact. It is instructive to carry out a few 
calculations and to compare the conditions for plastic yielding 
under static conditions with those occurring under impact. 

Suppose the indenter in both the static and dynamic experi- 
ments is a steel ball of diameter 1 cm. (mass 4 g.). We may 
calculate the static load required to produce the onset of plastic 
deformation (P = 1-1 Y) as described in Chapter IV. The results 
arc given in the fourth column of Table XIX. We may now 
calculate the height from which the ball must be dropped to 
produce the onset of plastic deformation under impact. We use 
the value of P c given in equation (12 a) and assume that plastic 
yielding again commences when P e = 1-1F. This is not accu- 
rately true, but it is a good approximation. The results are 
given in the fifth column of Table XIX. 
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Table XIX 


Conditions Necessary to produce Onset of Plastic Deformation 
under Static and Dynamic Conditions (Diameter of ball = 1 cm.) 


Metal 

Approximate 
Brinell 
hardness 
(leg. /mm.*) 

Static 
yield 
stress Y 
(Icg./mm*) 

Static load 
at which 
onset of 
plastic 
deformation 
occurs 

(0-) 

Height from 
which ball 
must be 
dropped to 
produce onset 
of plastic 
deformation 
(cm.) 

Tellurium-lead . 

0 

21 

2 

0-6 X10-* 

Soft copper 

55 

20 

62 

3-2 X 10-« 

Work -hardened copper 
Work-hardened mild 

90 

31 

230 

2-8X10-* 

steel 

190 

65 

1,200 

1-5X10-* 

Alloy steel . 

350 

130 

9,500 

0-5 


It is at once apparent from Table XIX that extremely light 
impacts are sufficient to produce plastic deformation of metal 
surfaces. Thus even with a hard alloy- steel, where a static load 
of 9,500 g. is necessary, a height of fall of less than 1 cm. is all 
that is required to produce the onset of plastic deformation. \\ e 
may note that the ball weighs only 4 g. The reason for this 
marked sensitivity to impact is that the time of collision is very 
short (see below) so that the impulsive forces developed, even 
for light impacts, may be very high indeed. 

It is also evident that the rebound method of determining the 
dvnamic hardness will not discriminate between materials 
possessing yield stresses above P c since they will all give a re- 
bound of 100 per cent.f To increase the range of the method 
the experimental conditions must be modified to give a higher 
value of P e in equation (12). This may be readily achieved by 
increasing the mass of the indenter or the height of fall. For 
example, an increase of cither of these by a factor of 32 w r ill 
double the value of P e . A more sensitive method, however, is to 

t In practice, of course, 100 per cent, rebound is never attainable sinco somo 
energy is lost by the dissipation of elastic waves within the bodies, and by 
elastic hysteresis losses if the elastic relaxation time is large compared with tho 
time of collision. 
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decrease the radius of tho tip of the indenter. A decrease of r 
by a factor of 3-2 will double the value of P e . These observations 
may be of value in the design of impact hardness equipment. 

Coefficient of restitution 

If the indenter falls with a velocity v 1 on to the surface of the 
anvil and rebounds with a velocity v 2 , the coefficient of restitu- 
tion e is defined as , 

e = vjv v 

We may find e from equation (11) by putting = 2 gh v 
v\ = 2 gh 2 . Assuming that the yield pressure P remains essen- 
tially constant, equation (11) gives 

v 2 = k(v f—fv!) 1 . (13) 

It is clear from this relation that v 2 does not vary linearly with 
v x so that the ratio e = v t /v ± will not be a constant. The w r ay 
in which c varies wdth the velocity of impact is shown in Fig. 60, 
where curves i, ii, iii, iv, and v respectively have been draw n for 
values, at an impact velocity of 450 cm./sec., of e = 1, 0*8, 0*6, 
0*4, and 0*2. (This velocity corresponds approximately to a 
height of fall of 100 cm.) As we shall see later, P is not a con- 
stant, so that w r e may expect some deviation from these curves 
in practice. Nevertheless, the general form of these curves is 
fully confirmed in practical experiments. Typical results ob- 
tained for cast steel and drawn brass are shown in the dotted 
lines. Similar curves have been obtained by Raman (1918), 
Okubo (1922), and Andrews (1930) in experiments on the impact 
of spheres of similar metals. Although in this case both spheres 
arc plastically deformed at the region of contact, the relation 
between v x and v 2 is of the same type as in equation (13). 

If instead of equation (10) we use equation (10 a) to derive 
the relation between v l and v 2> we obtain 

v 2 = k(vl—pvl)P, (13 a) 

where j8 = (2n— l)/(2w+4). This equation gives curves which 
are similar to those given by equation (13), but they are appre- 
ciably steeper near the origin and flatter beyond. 

It is apparent from these equations and from the experimental 
curves that in general the coefficient of restitution of impacting 

4980.20 K 
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solids capable of undergoing plastic deformation will not be a 
constant. At very low velocities of impact the pressures de- 
veloped will bo insufficient to cause plastic flow. The collision 
process will be entirely elastic and the coefficient of restitution 
will be unity (except for small elastic hysteresis losses). This 
occurs even with the softest metals if the velocity of impact is 



Fig. 60. Variation of tho coefficient of restitution with the velocity of impact 
for materials of various hardness. Full lines — theoretical curves ; dotted lines — 
experimental curves for cast steel and drawn brass. 

small enough, as Andrews (1931) showed for lead and tin alloys. 
As tho velocity of impact increases, the amount of plastic 
deformation will steadily increase, and there will be a corre- 
sponding decrease in the coefficient of restitution. 

The time of impact: elastic collisions 
A full calculation of the time of impact of colliding metals is 
extremely complicated and has not yet been satisfactorily 
solved. If the bodies are very long the period of impact may 
bo determined by the time for an elastic compression wave to 
travel along the bodies and be reflected back to the colliding 
surface, as St.-Venant showed many years ago. If, however, tho 
bodies are relatively short the time of impact is determined pre- 
dominantly by tho processes which occur at the actual region 
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of impact. Consequently if the collision involves only elastic 
deformations tho time of impact is given accurately by Hertz’s 
equations. If the maximum distance the indenter sinks into the 
surface during the collision is z 0 and the velocity of impact is v , 
then the total time of impact t e according to the elastic equations 
(Hertz, 1881) is 

L = 2*94 5®. 

* v 


The value of z 0 is obtained from equation (4 a) by putting a = a. 

We have o v 

z a = ±lf(E) = ™pf(E). (46) 


Eliminating P and a by using equations (6) and (12) we may 
find z 0 and hence determine t e . The result, assuming 


is 


o'! — Og — 0*3, 

, _2-74m*/l l\f 

c ” [e^eJ' 


(14) 


It is seen from this equation that the time is larger for small 
velocities of impact but the rate of variation with v is extremely 
slow. We may as a matter of interest calculate a typical impact 
time. Suppose the indenter is a steel sphere of radius r = 0-5 cm., 
mass m = 4 g., and it falls on to an alloy-steel block of yield 
stress 130 kg./mm. 2 As we saw in Table XIX, the indenter can 
fall from a height of 0*5 cm. and still give an elastic collision. 
The duration of the impact for this height of fall (v — 31cm./sec.) 
may be calculated from equation (14) and is found to be about 
5 X 10 -5 sec. If we think of the impact as an instantaneous change 
in momentum, the mean force F m during the impact is given by 


F m t e = 2mv, 

so that F m is about 5 kg. Actually the impulsive force rises from 
zero to a value of 9*5 kg. and as we saw above a static load of 
this amount will just cause plastic yielding. These calculations 
indicate that the high local pressures developed during elastic 
impact are due to the very short duration of the collision. It is 
for this reason that plastic deformation is so easily initiated by 
impact. 


132 


DYNAMIC OR REBOUND HARDNESS 


CH. VIII 


Time of impact: plastic collisions 

We may now consider the more general case in which the 
stresses during collision exceed the elastic limit and plastic flow 
occurs. The process, as we saw above, involves four main parts, 
and it is not possible to calculate accurately the time involved 
in each part of the collision process. An analysis has been given 
by Andrews (1930), but it is of an admittedly approximate 
nature. As we are mainly concerned with the order of magnitude 
we may make a crude initial assumption which leads to a very 
simple solution. 

Wo assume that the indenter is a sphere of radius r, mass ra, 
and that it is completely undeformable. Secondly we consider 
impacts for which the collision process is predominantly plastic 
so that elastic strains may be neglected. We assume that the 
yield pressure has an average constant value P. 

At any instant when the sphere has penetrated a distance x 
the indentation has a radius a, where to a first approximation 
2 rx = a 2 . The decelerating force on the sphere is equal to Pna 2 
or P7t2vx. Hence the equation of motion becomes 


or 


p * • 

d 2 x , 2t ttP 

— H x = 0. 

at 2 m 


The solution is x = A sin 
to rest when dxjdt = 0, i.e. 


A 


-" p y 


m 


The sphere is brought 



A similar equation was derived by Andrews (1930). It is seen 
that the time of collision is independent of the velocity of impact . 
For a hard steel ball of diameter 1 cm. (m = 4 g.) the time of 
collision with anvils of various metals is given in Table XX. 

It is seen that the time of collision is of the order of several 
10 -5 sec., so that for an indenter of this size it is of the same 
order of magnitude as the duration of an elastic collision. A 
comparison of equations (14) and (15) shows that this similarity 
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Table XX 

Time of Impact of Hard Sphere , Diameter 1 cm ., Mass 4 g., 
striking a Massive Anvil of a Softer Metal . Plastic Collisions 


Metal 

P 

(kg./mm*) 

t 

(see.) 

Tollurium-lead . 

6 

7 X 10-* 

Soft copper .... 

55 

3x10-* 

Work -hardened copper . 

00 

2xl0-‘ 

Work-hardened mild steel 

190 

1-3X10-* 


in the value of t will be quite general but that at very small 
velocities of impact the elastic collision time will be appreciably 
longer than the plastic collision time. 

Electrical measurement of the time of impact 

Some simple experiments carried out in 1939 demonstrate the 
validity of equation (15) and show the extreme ease with which 
plastic flow may bo initiated during impact (Bowden and Tabor, 
1941). In these experiments the collision was observed between 
suspended spheres of equal radii and the electrical conductance 
across the spheres recorded on a cathode-ray oscillograph during 
the impact. The conductance is a measure of the area of contact 
between the spheres. 

Typical results for spheres of radius 2 cm. are shown in 
Fig. 61 a, b , and c. One sphere is stationary and the other sphere 
strikes it with a velocity determined by the amplitude of tho 
swing. Fig. 61a is a record obtained by Dr. Hirst using very 
hard steel spheres and a low velocity of impact (10 cm./sec.). 
It is seen that the conductance curve is symmetrical, indicating 
that the collision is essentially elastic. The elastic equations 
indicate that the collision time should be of the order of 10 -3 sec., 
and this is close to the observed value. At higher velocities of 
impact, however, tho results are similar to those shown in 
Figs. 61 b and 61c and the conductance trace is markedly 
asymmetric. 

Fig. 61 b is for mild steel spheres and Fig. 61 c for lead spheres 
impinging at a velocity of 76 cm./sec. Contact commences at 
the point A and the curve AC corresponds to the period during 
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which clastic deformation and the initial onset of plastic de- 
formation take place. The curve CD corresponds to the period 
during which full plastic deformation occurs, whilst DEB repre- 
sents the separation of the surfaces under the released elastic 
stresses. The point D is not defined very sharply, so that the 
period from A to D cannot be estimated to an accuracy better 



Fig. 61. Electrical conductance curves between colliding metal spheres: 

(a) tool steel colliding at 10 cm./sec. The curve is symmetrical indicating 
essentially elastic conditions, (6) mild steel colliding at 76 cm./sec, 

(c) load sphores colliding at 76 cm./sec. The asymmetric curves in (6) and 
(c) indicate that plastic deformation has occurred. 

than a few per cent. This error is, however, not important 
compared with the experimental variation from trace to trace. 
If we assume that the collision from A to D corresponds to a 
deformation process which is essentially plastic, we may calcu- 
late the period by a method similar to that used in obtaining 
equation (15). 

Instead of giving the result at once it is interesting to consider 
this impact problem in somewhat greater detail. The collision 
between a stationary sphere and a sphere of equal size travelling 
at a velocity V along the line of centres is equivalent to the 
impact occurring between the spheres when they collide at equal 
and opposite velocities V/2. (For complete equivalence a con- 
stant velocity F/2 must bo superimposed on both spheres.) The 
plane of contact in this ‘equivalent’ collision may thus be con- 
sidered as the stationary plane during the deceleration of the 
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spheres. As before, we consider a predominantly plastic collision. 
Then at any instant when each sphere has formed a flattened cap 
of depth x, and chordal radius a , we may to a first approximation 
write 2 rx = a 2 , where r is the radius of the spheres. The de- 
celerating force on each sphere is equal to Pira ? or Ptt2yx. Since 
the spheres have been decelerated over a distance x , the equation 
of motion of each sphere becomes 

p o d * x 


Both spheres are brought to rest, i.e. the spheres are at their 
closest point of approach when dxjdt = 0 . As before (see equa- 
tion (15)), this occurs after a time 



If the spheres were of a material which exhibits no elastic 
recovery the collision process would come to an end at this stage, 
but if they possess some elastic properties they will still remain 
in contact for a further interval of time as they separate under 
the influence of the released elastic stresses. 

The main defect in this analysis is the assumption that the 
distance over which the spheres are decelerated during the colli- 
sion is equal to the depth of the flattened cap at the region of 
contact. In general, apart from the flattening at the region of 
contact there is an overall elastic compression of the spheres as 
a whole during their approach. Andrews (1930) suggested that 
this may be allowed for in the following way. If the flattening 
of the spheres were elastic (and not plastic), the overall elastic 
compression of the sphere would, according to the Hertzian 
equation, be exactly equal to the flattening of the cap itself (see, 
for example, Prescott (1927), p. 629). Thus if the flattened cap 
of each sphere has a depth x , the mass of the sphere itself has 
decelerated over a distance 2x. Assuming that the decelerating 
force is still given by the plastic equation, the equation of 
motion becomes 


Pttcl 2 — Pir2rx = —m~(2x). 

at 
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The spheres come to rest after the time 



This is the relation given by Andrews (1930), and it is seen that 
the value of t AD is V2 times the value given in equation (15a). 
This derivation is not really valid since the elastic compression 
of the sphere is equal to the flattening of the cap only when the 
flattening is itself elastic. Under such conditions the force on 
the spheres cannot, of course, be expressed in terms of the plastic 
yield pressure P. The more completely the collision is plastic 
the smaller will be the overall elastic compression of the sphere 
comjyared with the plastic flattening at the regions of contact, 
and the more nearly the time of approach will be given by 
equation (15a). As we are interested in the order of magnitude 
of the time of collision rather than in the absolute values, wo 
may use a value between that given by equation (15 a) and that 
given by equation (16), say 

= 13 < i7 > 

Applying this to the experiments described by Figs. 616 and 
61c wo may calculate t AD , the values of P being determined 
from equation (10). The results are given in Table XXI, and 
it is seen that there is fairly good agreement with the experi- 
mentally observed values. 


Table XXI 

Duration of Plastic Collision 



Time oj impact from 


A to D 


( microseconds ) 

Collision 

Calculated 

Observed 

Stool on steel spheres 

100 

150 

Lead on lead spheres . 

400 

600 


Numerous collision experiments show that the asymmetric 
type of conductance curve is of general occurrence, indicating 
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that plastic flow has occurred. Experiments also show that in 
the presence of thin liquid films on the surfaces, plastic flow may 
occur through the liquid film, without any metallic contact 
occurring (Rabinowicz (Thesis, 1950); Tabor, 1949). This is be- 
cause the hydrodynamic pressure developed in the liquid film 
may easily exceed the yield pressure of the metal (Eirich and 
Tabor, 1948). But the time of collision is so short that there is 
not sufficient time for the liquid film to be squeezed out from 
between the surfaces. 

Comparison of static and dynamic hardness 

It is interesting to compare the static hardness and the 
dynamic hardness of metals at various velocities of impact. We 
may, for example, consider some impact experiments which 
were carried out on massive anvils of various metals using hard 
steel balls as the indenters (Tabor, 1948). By measuring h ly h 2 , 
and the chordal diameter d of the indentation formed after 
impact, the dynamic yield pressure P d was calculated using 
equation (10). Some static experiments were also carried out 
and determinations made of the static yield pressure P 8 required 
to produce impressions of the same diameter as in the corre- 
sponding impact experiments. The results showed two main 
points. Firstly, the dynamic yield pressure P d was always 
greater than the static yield pressure P 8 and the effect becomes 
more pronounced if we use equation (10 a) to calculate P d instead 
of equation (10). This difference between P d and P 3 w r as par- 
ticularly marked with soft metals such as lead and indium. 
Secondly, the dynamic yield pressure is higher at greater veloci- 
ties of impact. This suggests that in calculating the dynamic 
yield pressure from equations (10) or (10a), i.c. from the energy 
required to produce an indentation of given volume, part of the 
energy is used in the viscous displacement of the metal around 
the indentation. This view is confirmed by a calculation of the 
yield pressure from the height of rebound h 2 . We do this using 
equation (66). This may be written in the form 

mgh 2 ( 1 
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where the suffix r is added to P to show that it is calculated 
from the rebound height. 

The results, which are given in Table XXII, show, at once, 
that although P r is larger than P 8 it is very much closer to the 
static value than is P d . 

Table XXII 

Diameter of Ball 0 5 cm. Height of Fall 300 cm. 


Metal 

pjp. 

PrIP, 

Steel 

1-28 

109 

Brass 

1-32 

MO 

Al-alloy . 

1*16 

MO 

Lead 

1«M 

Ml 

Indium . 

50 

1-6 


The meaning of dynamic hardness 

The dynamic hardness of a metal is the pressure with which 
it resists local indentation by a rapidly moving indenter. 
Under usual experimental conditions, where the speed of impact 
is not too large, the dynamic yield pressure is of the same order 
of magnitude as the static yield pressure so that, as with static 
hardness, dynamic hardness is essentially a measure of the 
elastic limit or yield stress of the metal. The actual value of 
the dynamic yield pressure, however, depends not only on the 
size of the indentation as in the Brinell test ; it also depends on 
the velocity of impact and on the way in which it is computed. 
If the dynamic yield pressure (P d ) is calculated from the energy 
required to produce an indentation of given volume, it is larger 
than the static yield pressure (I*,) and increases with the velocity 
of impact. This is particularly marked with soft metals such as 
lead and indium, and it would seem that in the deformation of 
soft metals, where relatively large volumes of metal are dis- 
placed, appreciable forces are called into play as a result of 
the ‘viscous* flow of the deformed metal around the indentation. 

If the dynamic hardness is calculated from the height of re- 
bound the effects of ‘viscous* flow are largely eliminated. At the 
end of the impact process all plastic flow of the material has 
ended and there is no further bulk displacement of the metal 
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around the indentation. All the deformation around the in- 
denter is now essentially elastic and any kinetic energy imparted 
to the indentation is predominantly reversible. Consequently 
the pressures involved in this portion of the collision process (P r ) 
are only a few per cent, higher than those involved in the forma- 
tion of indentations of the same size under static conditions. 

This conclusion also shows that the large values of P d cannot 
be due to work-hardening which may occur rapidly during the 
formation of the indentation. For at the end of the impact 
where the work-hardening would be a maximum, the effective 
yield pressure P r is very much smaller than the mean dynamic 
yield pressure P d which is involved during the course of the 
impact itself. This supports the view that, in the determination 
of P dJ forces of a quasi-viscous nature are involved. 

Thus dynamic hardness values determined from rebound 
measurements will yield values which are close to those obtained 
in static measurements. Values determined from the ratio of the 
energy to the volume of the indentation will also be of the same 
order as the static values, but they will invariably be higher. With 
hard metals the difference will be of the order of a few per cent., 
but with soft metals the difference may be very much more 
marked and will increase with the velocity of impact. The in- 
crease in hardness or yield pressure at extremely high speeds 
of deformation has recently been discussed by Sir Geoffrey 
Taylor (1946). 

Finally we may note one important implication of this work 
as applied to the static determination of hardness. The experi- 
ments described in this chapter show that extremely light 
impacts may be sufficient to produce plastic deformation of 
metals. If, therefore, in static hardness experiments, there is 
any jolt or impact while the load is being applied the indent- 
ation will be larger than it should be and the deduced static 
hardness will be lower than the true value. It is thus evident 
that for satisfactory static hardness measurements the load 
must be applied very slowly and smoothly. 
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CHAPTER IX 


THE AREA OF CONTACT BETWEEN SOLIDS 

Asperities of hemispherical shape 

W e may now discuss a more general problem which frequently 
occurs in one form or another in engineering practice. When 
two metal surfaces are placed in contact, what is the real area 
of contact between them ? However carefully the surfaces are 
prepared they will be covered with hills and valleys which are 
large compared with atomic dimensions, so that the surfaces 
when first placed in contact will be supported on the tips of their 
asperities. The question is thus modified to a discussion of the 
way in which the surface asperities are deformed when the sur- 
faces are placed in contact. We may first assume that one 
surface is harder than the other and that the asperities on the 
harder surface are hemispherical at then* tips. Suppose such 
an asperity presses on to a flat asperity of the softer surface. 
We may at once use the results discussed in Chapter IV. At 
first the deformation is elastic, but for asperities of the order of 
10~ 4 cm. radius the minutest loads will produce plastic deforma- 
tion. Indeed full plasticity may occur even for the hardest steels 
at a load of the order of a few milligrams. Consequently for 
loads used in practice each asperity produces plastic flow and 
behaves like a minute Brinell indenter. For a material which 
is fully work-hardened the yield pressure P at the tip of each 
asperity will be constant and will be given by P & 3 Y, where 
Y is the elastic limit of the metal. Consequently if the load 
supported by the asperity is WJ, the area of contact A { at the 
tip of the asperity is given by 

A i =WJP. (1) 

The total area of contact A will be the sum of all the areas of 
contact at all the asperities, so that 

< 2 > 

where W is the total load. Thus the area of real contact will be 
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CHAPTER IX 

THE AREA OF CONTACT BETWEEN SOLIDS 
Asperities of hemispherical shape 

W E may now discuss a more general problem which frequently 
occurs in one form or another in engineering practice. When 
two metal surfaces are placed in contact, what is the real area 
of contact between them ? However carefully the surfaces are 
prepared they will be covered with hills and valleys which are 
large compared with atomic dimensions, so that the surfaces 
w hen first placed in contact w ill be supported on the tips of their 
asperities. The question is thus modified to a discussion of the 
w ay in wdiich the surface asperities are deformed w hen the sur- 
faces are placed in contact. We may first assume that one 
surface is harder than the other and that the asperities on the 
harder surface are hemispherical at their tips. Suppose such 
an asperity presses on to a flat asperity of the softer surface. 
We may at once use the results discussed in Chapter IV. At 
first the deformation is elastic, but for asperities of the order of 
10” 4 cm. radius the minutest loads will produce plastic deforma- 
tion. Indeed full plasticity may occur even for the hardest steels 
at a load of the order of a few milligrams. Consequently for 
loads used in practice each asperity produces plastic flow and 
behaves like a minute Brinell indenter. For a material which 
is fully work-hardened the yield pressure P at the tip of each 
asperity will be constant and will be given by P « 3 Y, where 
Y is the elastic limit of the metal. Consequently if the load 
supported by the asperity is W i} the area of contact A t at the 
tip of the asperity is given by 

Ai = WJP. (l) 

The total area of contact A will be the sum of all the areas of 
contact at all the asperities, so that 

^ = = ( 2) 
w r here W is the total load. Thus the area of real contact will be 
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proportional to the load, inversely proportional to the hardness 
of the softer metal, and independent of the apparent area of the 
surfaces . If, of course, full plasticity has not been reached at all 
the asperities, P will have a value less than 3 Y, but the general 
form of equation (2) will not be substantially altered. 

If, however, the softer metal is fully annealed or only partially 
work-hardened, there is some change in the relation between A 
and W. As we saw in Chapter V, the general relation between 
the load W { and the diameter of the impression d i formed by an 
indenter of diameter D i is 


W { = k 


d? 

D n-l> 


so that the area of contact of the ith asperity is given by the 
relation ^ \y\ ln D { ^ n - 2))ln . (3) 

If, of course, n = 2, as occurs for work-hardened materials, this 
reduces to equation (1). For any other value of n the value of 
A { depends on as well as on W { . We may, however, assume 
that the asperities are all of the same size and shape and share 
the load uniformly amongst themselves, so that the total area 
of contact becomes 


A = J = 2 WWf* = VNWf* = k”N( n -W n (NW { )* n 

= CT«-2)/nlF2/n, (3 a) 


where W is the total load and N is the number of points of 
contact. If N remains constant the relation becomes 

A = cW 2ln . (4) 


Thus for fully annealed metals where n has an upper value of 
about 2*5 the relation is ^4 = cW^ 5 , and if the number N increases 
with the load (see later) this will tend to increase the value of A. 
We see, therefore, that for fully annealed metals the area of real 
contact A is not quite proportional to the load on account of the 
work-hardening accompanying indentation. If the material is 
partially work-hardened, as is usually the case, the work-harden- 
ing proceeds less rapidly. For example, with extruded brass or 
with mild steel the value of n is about 2*15. Consequently the 
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real area of contact will be proportional to TF 0 * 93 and the effect 
of an increase in N with W will bring this nearer to the direct 
proportionality between A and W. 

If the hemispherical asperity is pressed against the flat surface 
of a harder metal, similar considerations apply. The initial 
elastic deformation is again restricted to the minutest loads and 
at very small loads full-scale plastic flow occurs. The plastic 
deformation of the tip again involves a yield pressure which is 
constant for a fully work-hardened material and has the value 
P « 3F. Consequently for fully work-hardened materials the 
area of real contact at the tip of each asperity will be directly 
proportional to the load borne by the asperity. If the metal is 
annealed the relation is of the type A = cW 2/n f but even for 
fully annealed materials the index will not be less than about 0-8. 
Similar relations also hold for hemispherical asperities pressing 
on one another. For work-hardened materials the area of con- 
tact is directly proportional to W, whilst for annealed materials 
the area increases somewhat more slowly with W (O’Neill, 1934). 

Asperities of conical and pyramidal shape 

We may now consider the behaviour of asperities which are 
conical or pyramidal in shape. Suppose the asperities are the 
harder material and penetrate the plane surface of a softer 
metal. We may at once apply the results of Chapter VII. The 
tip of the asperity may be treated as a portion of a sphere of 
vanishingly small radius of curvature so that the elastic limit 
is exceeded for an infinitesimal load. Plastic deformation ensues, 
and for a material which does not work-harden the yield pressure 
P is given by P = cY , where c is a constant for any given in- 
denter but varies with its angle. As we saw in Chapter VII, the 
more pointed the indenter the larger the value of c and the 
results for a steel cone penetrating work -hardened copper are 
redrawn in Fig. 62 (full line). It is seon that for semi-angles a 
ranging from 60° to 90°, c decreases from 3*6 to about 2-9. Thus 
for indenters of large semi-angle the constant of proportionality 
between P and Y does not vary rapidly witli the angle and has 
a value of about 3. 
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Similar considerations apply if the pyramid or cone is of a 
softer metal and is squeezed flat by a harder flat surface. Here, 
however, the yield pressure will decrease with the semi-angle a, 
since a semi-angle of 0° is equivalent to a cylinder for which 
P = Y. Thus, as a decreases from 90° to 0°, P will decrease 
from 2*97 to Y. A typical result for w ork-hardened copper cones 



Broken line — deformation of a cone by a hard flat surfaco. 


is shown dotted in Fig. 62 and confirms this conclusion. It is 
seen that for semi-angles a. ranging from 60° to 90°, the constant 
of proportionality between P and Y docs not vary rapidly with a 
and has an average value of about 2-7. It is evident, therefore, 
that for ‘blunt’ asperities, that is asperities of large semi-angle, 
the yield pressure of a hard cone penetrating a softer metal, or 
of a soft cone being deformed by a harder metal, will be of the 
order of 3 Y. 

If the deformed metal is capable of work-hardening, the 
amount of work-hardening will depend on the shape of the cone. 
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In general it will be greater for pointed than for blunt cones. As, 
however, the deformation produced is geometrically similar 
whatever its size, the yield pressure P for a cone of given angle 
will be constant whatever the degree of work-hardening of the 
metal. For cones of large semi-angle the value of P will again 
be approximately 3F, where Y is now some ‘representative’ 
measure of the elastic limit of the deformed material. Most 
asperities on real surfaces, in so far as they may be considered 
conical, are of large semi-angle. For example, even the large 
artificial roughnesses described in Fig. 32 (p. 64) have a semi- 
angle of about 60°. (It should be remembered that in this 
figure the vertical magnification is ten times the horizontal.) 

The area of real contact 

It follows that when metal surfaces are placed in contact, the 
tips of the asperities readily deform plastically, the mean yield 
pressure being given by P = cY. Y is some ‘representative’ 
measure of the clastic limit of the deformed metal at the tip of 
the asperities. The factor c depends on the shape and size of the 
surface irregularities, but for conical and pyramidal asperities 
of a wide range of angles, and for hemispherical asperities, c has 
a value of about 3. Consequently the yield pressure of the sur- 
face irregularities is approximately equal to 37. 

With conical and pyramidal asperities, the yield pressure is 
independent of the amount of deformation that occurs so that 
the real area of contact is directly proportional to the load W. 
This also applies to hemispherical asperities when the metals aro 
highly worked. For annealed materials the area increases some- 
what more slowly, but the difference is not large. In addition 
the asperities themselves aro usually work-hardened by the very 
process of preparing the surfaces. Consequently wo may expect 
that in most practical cases, for a wide variety of shapes and types 
of surface irregularities the real area of contact A will be very nearly 
proportional to the applied load W. It will also be inversely pro- 
portional to the mean yield pressuro, or effective hardness P of 
the surface asperities. Thirdly, the real area of contact A will 
bear no direct relation to the actual size of the surfaces. In 

4980.20 L 
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general, then, we may write 

A = W/P. (5) 

Area of real and apparent contact 

If the geometry of the surfaces is such that they make contact 
over a small region, and if the deformation of the surfaces is large 
compared with the size of the surface irregularities, the area of 
real contact may be essentially the same as the apparent or 
geometrical area of contact. This occurs, in idealized cases, in 
the Brinell and the Vickers indentation tests. Even here, how- 
ever, the surface irregularities may persist during the deforma- 
tion process and there may still be an appreciable difference 
between the real and apparent areas of contact. Thus, in the 
example quoted in Fig. 32 (p. 64), when a hard polished cylin- 
drical indenter was pressed in to the surface of a finely grooved 
copper specimen, the area of real contact was about one-half the 
area of the macroscopic indentation produced. 

This discrepancy becomes more marked when flat surfaces (or 
spherical surfaces of opposite curvature) are placed in contact. 
The apparent area of contact is the area of the surfaces them- 
selves. The real area of contact is the summed area of all the 
surface irregularities which are touching and which support the 
load. Suppose, for example, steel flats of area 20 sq. cm. are 
placed in contact. The apparent area of contact will be 20 sq. cm. 
and it will be independent of the load. In fact, however, the 
surfaces will be supported on their irregularities and these will 
crush down until their cross-sectional area is large enough to 
support the load. For a steel for which P of the asperities is, say, 
100 kg./mm. 2 the area over which the asperities flow plastically 
will be proportional to the load and will be equal to 10 sq. mm. 
when the load is 1,000 kg. Thus when the surfaces are pressed 
together with a force of a ton the area of real contact will be 
l/200th of the apparent area. For a load of 2 kg. the area of 
intimate contact will be 1/100, 000th of the apparent area. The 
plastic flow of the asperities provides the real area of contact 
which supports the load. The stresses in the asperities are taken 
up by the elastic deformation of the underlying metal. 
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The effect of removing the load 

So far we have considered the effect of applying the load. We 
may now consider what happens when the load is removed. It 
is, of course, clear that within the range of elastic deformation 
the process of deformation is reversible and a removal of the load 
enables the surfaces to return to their original configuration. 



Fig. 63. Deformation of a flat surfoco by a hard sphore (or of a 
sphere by a hard flat surface). Area of contact A as a function of 
the load W for increasing and decreasing load. Once full plasticity 
has boen reached ( M ) the area A is proportional to W (full lino 
MNN'). For docroasing load the area is determined by the elastic 
equations and A is proportional to W * (broken line NQO). 

If we consider the behaviour of a spherical asperity penetrat- 
ing the surface of a softer metal we may apply the results of 
Chapter VI. Even if plastic flow occurs during the application 
of the load, the surfaces separate according to the elastic equa- 
tion when the load is reduced, so that the area of contact A 
varies as W *. The variation of A with W for a single asperity 
as the load is increased and then reduced is shown graphically 
in Fig. 63 for a motal which does not work-harden. Over the 
range OL the deformation is elastic and A is proportional to W * . 


148 AREA OF CONTACT BETWEEN SOLIDS ch. ix 

At L the onset of plastic deformation occurs. As we saw in 
Chapter IV, the load at this stage for an asperity of radius of 
curvature of 10~ 4 cm. is less than 10 -3 g. even for a hard steel 
surface. At M full plasticity is reached. The yield pressure is 
now almost constant and the area A increases linearly with W 
along the straight line MN. If the load is removed at N the 
surfaces recover elastically and the area A varies as W *. The 
curve NQO is reversible so long as the load does not exceed W N . 
When the load exceeds W N , further plastic deformation occurs 
and the area increases along the line NN'. Similar considera- 
tions apply to asperities of other shapes. When the load is 
reduced there is relaxation of elastic stresses in the bodies and 
the surfaces separate according to the laws of elastic deforma- 
tion. Thus the area of contact when the load is reduced w ill bo 
somewhat different from that obtained w hen the load is initially 
applied. 

This description of the effect of reducing the load is only valid 
if there is no appreciable adhesion between the surfaces. With 
metals thoroughly outgassed in vacuum strong junctions may 
be formed at the points of real contact w hen the load is first 
applied (Holm, 1946; Bowden and Young, 1949). The same 
occurs with soft ductile metals such as lead or indium in air if 
the surfaces are not unduly contaminated. In such cases the 
metallic junctions so formed may not be broken by the released 
elastic stresses when the load is reduced. Under these conditions 
the area of contact may not decrease appreciably w hen the load 
is removed (McFarlane and Tabor, 1950). This occurs, for ex- 
ample, when surfaces are joined together by pressure wielding. 
The area of contact remains essentially the same as when the 
initial pressure is applied. With harder metals or w ith contami- 
nated surfaces, however, the junctions appear to break readily 
on reducing the load and the area of contact decreases with the 
load according to the elastic equations. 

The measurement of the area of contact 

It is possible to derive a more direct measure of the area of 
contact between surfaces by measuring the electrical resistance 
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between them (Holm, 1946; Bowden and Tabor, 1939). If the 
surfaces are free of grosser contamination the electrical resis- 
tance depends only on the electrical conductivity of the metals 
and on the size of the regions of contact. Suppose the metals 
make contact over a single circular region of radius a, and cur- 
rent passes from one metal to the other. The current is con- 
stricted into the region of contact, and as a result of this 
constriction a spreading resistance R (Ausbreitungsicider stand) 
is produced which has a value 




1 

4a\ 


1 

4aA 2 ’ 


( 6 ) 


where and A 2 are the specific conductivities of the two metals. 
In order to obtain reliable values of R it is necessary to take 
suitable precautions. A convenient technique is to subject the 
surfaces to gentle vibration (Meyer, 1898). For heavy loads this 
is not effective, but a slight relative movement of the surfaces 
produces the same effect. It is probable that this process breaks 
through the contaminating films at the regions of contact. By 
these means satisfactory and reproducible values of R may be 
ob tabled from which a may be calculated. 

If the geometry is such that the region of contact is a circle 
and is localized in one region, the area of contact should be 
approximately equal to the geometric area of contact. This 
occurs when a spherical mdenter is pressed on to a smooth flat 
surface, or w r hen two cylindrical surfaces are pressed together 
w ith their axes at right angles. Under these conditions it should 
be possible to estimate the area of contact in three w r ays: from 
the measurements of i?, from visual measurements of the perma- 
nent impressions left in the surfaces, and from the yield pressure 
P assuming that A = W/P. Some typical results for silver and 
steel surfaces (Bowden and Tabor, 1939) are given in Table 
XXIII. 

Three conclusions follow from the results given in this table. 
First, the contact resistance is extremely small even for very light 
loads. For this reason considerable care must be taken in the 
electrical measurements. Secondly, there is good agreement 
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Surfaces 

Load 

(hg.) 

R 

(ohms) 

Area of contact (A sq. cm.) 

From R 

Visually 

From P 

Silver crossed cylinders 

0-5 

100 X 

io-« 

0-0002 

. . 

0-0002 

50 

30 X 

io-« 

0-002 

. . 

0-002 


50-0 

9 X 

io-* 

0-018 

0-019 

0-02 


500-0 

1*9 X 

io-« 

015 

0-19 

0-2 

Steel crossed cylinders 

1 

l-0x 

io- a 

0-00012 

. . 

0-0001 

5 

4-9 x 

io- 4 

0-00061 

. . 

0-0005 


50 

1-6X 

K)- 4 

0*0045 

00045 

0-005 


500 

4-9 X 

10 _ * 

0*041 

0*045 

0-05 

Sphere on flat (steel) 

5 

4-5 X 

io-* 

0-00065 

. . 

0-0005 

50 

1*6 X 

10-* 

0-0045 

. . 

0-005 


500 

4-7 X 

io- 4 

0-045 

• • 

0-05 


between the three methods of determining A. This means that 
when the contact occurs over a single well-defined region the 
electrical measurements provide a reasonable measure of A, pro- 
vided tho surfaces have been subjected to vibration in the appro- 
priate way. Thirdly, in such cases the area of contact is not very 
different for surfaces of different shapes; A is determined essen- 
tially by the load and the yield pressure. 

The contact of flat surfaces 

It is interesting to extend tho electrical resistance measure- 
ments to the case of flat surfaces placed in contact. Some experi- 
ments of this type w r ere carried out on steel surfaces which were 
carefully lapped (Bowden and Tabor, 1939). Comparison by 
interference fringes with optical flats showed that they w r ere flat 
to within a few wave-lengths of light. One pair of flats had an 
area of 0*8 sq. cm., the other of 21 sq. cm. The measurements 
showed two striking results: (i) at any given load, the contact 
resistance of both pairs of flats was almost the same although tho 
ratio of their apparent areas of contact was about 25:1; (ii) at 
any given load the contact resistance for the flats was of the 
same order of magnitude as that observed with crossed cylinders. 
For example, at a load of 5 kg. the contact resistance for tho 
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crossed cylinders was about 5X 10 -4 ohms, corresponding to an 
area of contact of about 5x lO* 4 sq. cm. For the 21 sq. cm. 
flat which has an apparent area 40,000 times as great, the con- 
tact resistance was only one-half this value, i.e. about 2*5 X 10~ 4 
ohms. Assuming that for both types of surfaces the contact is 
metallic to the same degree, it is clear that only a small fraction 
of the area of the flat surfaces can be in intimate contact; they 
must touch only at the tips of the highest asperities. This would 
also explain the observation that the contact resistance is almost 
tho same for the large and small flats. 

It is difficult in the case of flat contacts to make an exact 
estimate of the real area of contact from the conductance 
measurements alone. The value of the conductance must depend 
both on the size of the metallic bridges and on their number. 
Since the spreading resistance of each bridge is inversely propor- 
tional to its diameter, and the area of contact is proportional to 
the square of the diameter, it follows that for a given resistance 
the area of contact is inversely proportional to the number of 
bridges. We do not know this number with any certainty, 
though in the case of flat surfaces it is clear that tho number 
of points of contact on which they are supported cannot be less 
than three. If we assume the number of bridges is, in fact, three, 
we may calculate the area of contact from the contact resistance. 
The results indicate that only a very small fraction of the macro- 
scopic area of the surfaces is in intimate contact. 

It is, however, not very satisfactory to assume that the num- 
ber of legs romains constant at this value. A more satisfactory 
typo of calculation may be carried out if we assume that the yield 
pressure P of the asperities is approximately the same as that 
of the bulk metal and that tho real area of contact A is 
determined essentially by the ratio A = W/P. For the steel 
in theso experiments, P = 100 kg./mm. 2 If we assume that 
the surfaces are supported on n equal bridges of radius a, 
the contact resistance when the bridges are relatively far apart 
is given by R = l/2anX. Combining this equation with the 
relation 


A = nna 2 = W/P, 
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we obtain 


n = 


7 tP 


1*39 X 10 -6 


a = 


4A 2 £ 2 JF 

2XWR 

ttP 


R 2 W 

= 4*77 WR. 


( 7 ) 

(8) 


Results for the 21 sq. cm. steel flats are given in Table XXIV. 


Table XXIV 


Load, 

(kg.) 

A = Wlp 
(cm. 2 ) 

Fraction of 
macroscopic 
area in contact 

R 

( 10 - 5 ohms) 

n 

a 

( 10 ~ 2 cm.) 

500 

005 

1 

400 

1 

2000 

0-9 

35 

2-1 

100 

001 

2-5 

22 

1-2 

20 

0-002 

1 

10000 

9 

9 

0-9 

5 

0-0005 

1 

40000 

25 

5 

0-6 

2 

0-0002 

1 

100000 

50 . 

3 

0-5 


The absolute values of a and n in this table must be viewed 
with some reserve since tho presence of a small amount of oxide 
will have an appreciable effect on both these parameters. For 
example, if half the resistance is due to an oxide film the value 
of n will be increased fourfold whilst the value of a will be halved. 
Nevertheless it is probable that the values given in the table are 
of the right order of magnitude. Tho main point brought out is 
that the effect of increasing the load is to increase the number 
and average size of the bridges. Further, it should be noted that 
the number of bridges is not very large even at the heaviest 
loads, whilst the area of the bridges lies between I0 -3 and 
10 -4 sq. cm. These results are in complete agreement with the 
discussion on p. 146 and are consistent wdth the view that the 
surfaces are held apart by small irregularities which flow under 
the applied load until their total cross-section is sufficient to 
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support the load. Thus tho area of real contact is determined 
primarily by the applied load }V and by the yield pressure or 
hardness P of the surfaces. It does not depend appreciably on 
the apparent size of the surfaces. 

It may be worth pointing out one general uncertainty in 
contact resistance measurements, apart from the complication 
introduced by oxide or other surface films. Because of the w av 
in which the spreading resistance arises, it cannot resolve bridges 
or junctions which are very close together. For example, n similar 
junctions (each of spreading resistance R) wdiich are very far 
apart will have a spreading resistance of Rjn. If they are very 
close together the spreading resistance will be appreciably larger 
(of tho order R/n ) and will, in fact, be very close to the spreading 
resistance of a single bridge embracing all the n microjunctions 
(Holm, 1946). Calculations based on the spreading resistance 
will then suggest an area of contact equal to that of the macro- 
bridge, although real contact may occur only over part, say 
one-half or two-thirds, of this area. (For a reasonable number 
of microjunctions the real area of contact could not be less than 
this without producing an appreciable change in the spreading 
resistance.) This w'ould reconcile the results of Table XXIII 
with the talysurf records given in Fig. 32, page 64. The results 
in Table XXIII show good agreement between the resistance 
measurements and the observed indentations produced. Fig. 
32, henvever, shows that intimate contact has occurred only 
over half or two-thirds of the area of the indentation. Tho 
spreading resistance of these microjunctions w r ould differ from 
the spreading resistance of a single all-embracing bridge by a 
factor smaller than the scatter in the resistance measurements 
themselves. Similarly, in Table XXIV, the values of n refer 
to the number of macro-bridges, each of which may contain a 
number of microj unctions which are very close together. The 
values of a in the last column of this Table refer to the average 
over-all radius of each of these macro-bridges. It is evident that 
calculations of the area of contact based on resistance measure- 
ments have certain limitations but in general yield results which 
are of the right order of magnitude. 
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A fuller account of the nature of contact between surfaces is 
given in Friction and Lubrication of Solids (1950) and in 
Dr. Holm’s interesting book, Electrical Contacts (1946), which 
provides a valuable survey of his pioneer work in this field. 
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APPENDIX 

I. BRINELL HARDNESS 


Definition 

A hard spherical indenter of diameter D mm. is pressed into tho metal 
surfaco under a load IF kg. and tho mean chordal diameter of the resul- 
tant indentation measured (d mm.). The Brinoll hardness number 
(B.H.N.) is defined as 


curved area of indentation 
2 W 

7T D{D-^(D 2 -d 2 )} 
and is expressed in kg./mm. a 

Size of indentation 

For most metals tho B.H.N. depends on the size of the indentation. 
However, geometrically similar indentations (i.e. those for which tho 
ratio d/D is constant) give the same B.H.N. To a first approximation 
this occurs when the ratio W/D 2 is kept constant. It is usual to use 
indentation sizes ranging from about d/D = 0*3 to d/D = 0*6. 

Specified loads 

If a single hardness value is required for specification purposes tho 
British Standards Association specifies the following loads for various 
metals (Table la). 

Table I (a) 





Load W kg. for 



W/D 2 

D = 1 

mm. 

D — 2 

mm. 

D — 5 

mm. 

D = 10 

mm. 

Iron, stool, materials of similar 
hardness ..... 

30 

30 

120 

750 

3,000 

Brasses, bronzes 

10 

10 

40 

250 

1,000 

Pure copper .... 

5 

5 

20 

125 

500 

Lead-, tin-alloys 

1 

1 

4 

25 

100 


Loads for validity of Meyer’s law 

Meyer ’8 law states that W = kd n , whero A; is a constant and n another 
constant for the metal. The value of n depends on the degree of work- 
hardening of the metal; for annealed metals it is near 2-5, for work- 
hardened metals near 2. If the loads are too small the deformation is 
not fully plastic and deviations from this relation are observed, the value 
of n being larger than its true value. For Meyer’s relation to be valid 
with a ball of 10 mm. diameter the loads should exceed the values given 
in Table 16. (For fuller details see Chapter IV, pp. 51-4.) 
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APPENDIX 

I. BRINELL HARDNESS 


Definition 

A hard spherical indenter of diameter D mm. is pressed into the metal 
surface under a load W kg. and tho mean chordal diamoter of the resul- 
tant indentation measured (d mm.). The Brinoll hardness number 
(B.H.N.) is defined as 


curved area of indentation 
2W 

~~ 7rD{D-J(D*-d*)} 
and is expressed in kg./mm. 2 

Size of indentation 

For most metals tho B.H.N. depends on tho size of the indentation. 
However, geometrically similar indentations (i.e. those for which the 
ratio d/D is constant) give tho same B.H.N. To a first approximation 
this occurs when the ratio W/D 2 is kept constant. It is usual to use 
indentation sizes ranging from about d/D = 0-3 to d/D = 0*6. 

Specified loads 

If a single hardness value is required for specification purposes the 
British Standards Association specifies the following loads for various 
metals (Table Io). 

Table I ( a ) 





Load W kg. for 



W/D* 

D - 1 

mm. 

D = 2 

mm. 

D = 5 
mm. 

D = 10 
mm. 

Iron, steel, materials of similar 
hardness ..... 

30 

30 

120 

750 

3,000 

Brasses, bronzes 

10 

10 

40 

250 

1,000 

Pure copper .... 

5 

5 

20 

125 

500 

Lead-, tin-alloys 

1 

1 

4 

25 

100 


Loads for validity of Meyer’s law 

Meyer’s law states that W = kd n , where fc is a constant and n another 
constant for tho metal. Tho value of n depends on the degree of work- 
hardening of the metal; for annealed metals it is near 2-5, for work- 
liardoned metals near 2. If the loads are too small the deformation is 
not fully plastic and deviations from this relation are observed, tho value 
of n being larger than its true value. For Meyer’s relation to be valid 
with a ball of 10 mm. diameter the loads should exceed the values given 
in Table 16. (For fuller details see Chapter IV, pp. 51-4.) 
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Table I (6) 


Approx. B.H.N. 
of metal 
(kg.lmm. 1 ) 

For Meyer' 8 law to be valid with 
10-mm. ball, load should exceed 

Lead-, tin- l 

10 

1kg. 

alloys \ 

50 

30 „ 

Copper alloys, 

100 

50 „ 

( 

200 

180 „ 

Steels { 

400 

1,500 ,, 

l 

600 

5,200 ,, 


With balls of different diameters the loads will be proportional to tho 
square of the diameter. Thus for a 5-mm. ball the loads for Meyer’s law 
to be valid will be about one quarter of those given in Tablo 1 6, whilst 
for a ball of 1 mm. diameter the values will be about one hundredth. 

Time of loading 

The time of loading is usually 30 sec. for steels and 60 sec. for brasses 
and bronzes. 

Specimen size 

The specimen should bo large enough to ensure that all the plastic flow 
occurs within a region considerably smaller than the specimen itself. 
A working standard is to use a thickness of specimen at least 10 times 
tho depth of the indentation for hard metals and at least 15 times tho 
depth for softer metals. The specimen should also be about 4 times 
wider than the diameter of the impression. In general, if a ball of 10 mm. 
diameter is used, the specimen should not bo less than about J in. wide 
and J in. deep. 


Table I (c) Brindl Hardness Numbers for 10 -mm. Ball. 
3,000 kg. and 500 kg. Load 


(For a given sizo of indentation tho B.H.N. is directly proportional 
to the load W. For this reason, only two loads are given in this table.) 


Diam. of 

Curved 
area of 

B. 

(Jta, 

U.N. 

/mm.*) 

Diam. of 

Curved 
area of 


H.N. 

(mm.*) 

indentation 

indentation 

W kg. 

W kg. 

indentation 

indentation 

W kg. 

IF kg. 

(mm.) 

(mm.*) 

3.000 

500 

(mm.) 

(mm.*) 

3,000 

500 

1-50 

1-777 

1,688 

281 

4-25 

14-893 

201 

34 

•55 

1-898 

1,580 

263 

•30 

15-264 

197 

33 

•60 

2*024 

1,482 

247 

•35 

15-640 

192 

32 

•05 

2153 

1,393 

232 

•40 

16-022 

187 

31 

•70 

2-287 

1,312 

210 

•45 

16-410 

183 

30 

*75 

2-424 

1,238 

200 

•50 

10-803 

179 

30 

•80 

2-500 

1,169 

195 

•55 

17-202 

174 

29 

•85 

2-711 

1.107 

184 

•60 

17-606 

170 

28 

•90 

2-801 

1,049 

175 

•05 

18-016 

167 

28 

•95 

3*014 

995 

100 

•70 

18-432 

103 

27 


3174 



•75 

18-853 

159 

27 

2-00 

946 

158 

•80 

19-280 

156 

20 

•05 

3-335 

900 

150 

•85 

19-712 

152 

25 

•10 

3-502 

857 

143 

•90 

20-150 

149 

25 

•15 

3-673 

817 

136 

•95 

20-594 

146 

24 

•20 

3-848 

780 

130 


•25 

4027 

745 

124 

5-00 

21-044 

143 

24 

•30 

4-211 

712 

119 

•05 

21-501 

140 

23 

•35 

4-399 

682 

114 

•10 

21-964 

137 

23 

•40 

4-591 

653 

109 

•15 

22-433 

134 

22 

•45 

4*787 

627 

104 

•20 

22-907 

131 

22 

•50 

4-988 

601 

100 

•25 

23-389 

128 

21 

•55 

5-192 

578 

96-5 

•30 

23-877 

126 

21 

•60 

5-401 

555 

93 

•35 

24-370 

123 

21 

•65 

5-615 

534 

89 

•40 

24-870 

121 

20 

•70 

5-834 

514 

80 

•45 

25-377 

118 

20 

•75 

6-055 

495 

83 

•50 

25-891 

116 

19 

•80 

6-283 

477 

80 

•55 

26-413 

114 

19 

•85 

6-514 

401 

77 

•00 

26-940 

111 

19 

•90 

6-750 

444 

74 

•65 

17*471 

109 

18 

•95 

6-990 

429 

72 

•70 

28-016 

107 

18 

3-00 




•75 

28-504 

105 

18 

7-235 

415 

69 

•80 

29-119 

103 

17 

•05 

7-485 

401 

67 

•85 

29-682 

101 

17 

•10 

7-737 

388 

65 

•90 

30-254 

99 

17 

•15 

7-997 

375 

03 

•95 

30-831 

97 

16 

•20 

8-200 

363 

61 

6-00 



•25 

8-526 

352 

59 

31-416 

95 

16 

•30 

8-800 

341 

57 

•05 

32-009 

94 

10 

•35 

9-076 

331 

55 

•10 

32-610 

92 

15 

•40 

9-358 

321 

53 

•15 

33-219 

90 

15 

•45 

9-644 

311 

52 

•20 

33-836 

89 

15 

•50 

9-934 

302 

50 

•25 

34-459 

87 

15 

•55 

10-230 

293 

49 

•30 

35-092 

85 

14 

•60 

10-532 

285 

47 

•35 

35-734 

84 

14 

•05 

10-838 

277 

40 

•40 

30-384 

82 

14 

•70 

11*148 

260 

45 

•45 

37-042 

81 

13 

•75 

11-404 

202 

44 

•50 

37-708 

80 

13 

•80 

11-783 

255 

42 

•55 

38-386 

78 

13 

•85 

12-108 

248 

41 

•60 

39-072 

77 

13 

•90 

12-438 

241 

40 

•65 

39-766 

75 

13 

•95 

12-774 

235 

30 

•70 

40-469 

74 

12 



*75 

41-183 

73 

12 

4-00 

13-113 

229 

38 

•80 

41-907 

72 

12 

•05 

13-460 

223 

37 

•85 

42-640 

70 

12 

•10 

13-808 

217 

36 

•90 

43-384 

09 

12 

•16 

14-104 

212 

35 

•95 

44-139 

68 

11 

•20 

14-520 

207 

34 

700 

44-903 

67 

11 


— in w s paper ( iyui ) 

are not rohable and have been very kindly recalculated for these tables 
by l>r. ±j. Rabmowicz. 
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II. MEYER HARDNESS 

Definition 

A hard spherical indenter of diameter D mm. is pressed into the surface 
of the metal specimen under a load W kg. and the mean chordal diamoter 
of the resultant indentation measured (d mm.). The Meyer hardness 
number (M.H.N.) is defined as 

IT 

M.H.N. projected area of indentation 

_ 4 W 

77 d 1 

and is expressed in kg./sq. mm. The practical details of measurement 
are the same as for Brinell hardness measurements. 

Meyer hardness and Brinell hardness 

For a given indentation obtained under a given load, the Meyer hard- 
ness is always greater than the corresponding Brinell hardness by tho 
ratio of tho curvod to the projected area of the indentation. The value 
of this ratio is given in Table II a. 


Table II ( a ) 


Size of indentation d/D 
0*1 
016 
0-20 
0*25 
0-30 
0-36 
0-40 
0-45 
0-50 
0-65 
0-60 
0-65 
0-70 
0-75 
0-80 
0*85 
0-90 
0-95 
100 

For 

rolation may 


Ratio : MJI.N.IB.H.N. 

1 002 
1006 
1010 
1016 
1024 
1032 
1044 
1057 
1074 
1090 
Mil 
1136 
1167 
1-204 
1-250 
1-310 
1-393 

1 - 524 

2 - 000 

0-4 the following approximate 


indentations smaller than d/D = 
be used: 

Ratio: M.H.N./B.H.N. = 1 + J (d/D) 2 . 
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Table II ( 6 ) 

Meyer Hardness Numbers for 10 -mm. Ball , 3,000 kg. and 500 kg. Load 

(The M.H.N. is directly proportional to tho load. Values are therefore 
only given for two loads.) 


Diam. of 
indentation 
(mm.) 

Projected 
area of 
indentation 
(mm.*) 

M . H . N . 

( kg.lmm .*) 

Diam. of 

• tt tit inn 

Projected 
area of 
indentation 
(mm. 1 ) 

M . H . N . 

( kg.lmm .*) 

3,000 kg. 

500 kg. 

If tut IHUHUfl 

(mm.) 

3,000 kg. 

500 kg. 

M0 

31416 

955 

159 

4-55 

16-200 

185 

31 

•05 

3*3006 

909 

152 

•00 

10-019 

181 

30 

•10 

3-4636 

867 

144 

•65 

1M 

177 

29 

•15 

3-6305 

827 

138 

•70 

17-349 

173 

29 

•20 

3-8013 

790 

132 

•75 

17-720 

109 

28 

•25 

3-9761 

754 

122 

•80 

i MM 

100 

28 

•30 

41548 

723 

121 

•85 

18-474 

102 

27 

•35 

4-3374 

692 

115 

•90 

18-857 

159 

27 

•40 

4-5239 

604 

111 

•95 

19-244 

150 

20 

•45 

4-7143 

037 

106 





•60 

4-9087 

013 

102 

500 

1M 

153 

25 

•55 

6-1070 

588 

98 

•05 

20-003 

150 

25 

•60 

5-3003 

500 

04 

•10 

20-428 

147 

24 

•65 

5-5155 

544 

H 

•15 

20-831 

144 

24 

•70 

5-7256 

524 

87 

•20 

21-237 

141 

24 

•75 

5-9396 

506 

84 

•25 

21-647 

139 

23 

•80 

61575 

487 

81 

•30 

22-062 

136 

23 

•85 

6-3794 

470 

78 

•35 

22-480 

133 

22 

•90 

6-6052 

454 

76 

•40 

22-902 

131 

22 

•95 

6-8449 

438 

73 

•45 

23-328 

129 

21 





•50 

23-758 

126 

21 

3-00 

7-0686 

425 

71 

•55 

24-192 

124 

21 

•05 

7-3062 

411 

68 

•60 

24-030 

122 

20 

•10 

7-5477 

397 

60 

•65 

26-072 

120 

20 

•15 

7-7931 

385 

64 

•70 

25-518 

118 

20 

•20 

8*0425 

373 

62 

•75 

25-967 

116 

19 

•25 

8-2958 

362 

60 

•80 

26-421 

114 

19 

•30 

8-5530 

351 

58 

•85 

20-878 

112 

19 

•35 

8-8141 

341 

57 

•90 

27-340 

110 

18 

•40 

9-0792 

330 

55 

•95 

27-805 

108 

18 

•45 

9-3482 

321 

54 





•50 

9-6211 

312 

52 

6-00 

28-274 

106 

18 

•55 

9-8980 

303 

50 

•05 

28-747 

104 

17 

•60 

10-179 

295 

49 

•10 

29-225 

103 

17 

•65 

10-463 

287 

48 

•15 

29-700 

101 

17 

•70 

10-752 

279 

47 

•20 

30-191 

99-4 

17 

•75 

11-045 

272 

45 

•25 

30-680 

97-8 

16 

•80 

11-341 

265 

44 

•30 

31-172 

96-3 

16 

•85 

11-642 

258 

43 

•35 

31-609 

94-8 

10 

•90 

11-946 

251 

42 

•40 

32-170 

93-3 

10 

•95 

12-254 

245 

41 . 

•45 

32-674 

91-9 

15 





•50 

33-183 

90-4 

15 

400 

12-566 

239 

40 

•55 

33-696 

89-0 

15 

•05 

12-882 

233 

39 

•00 

34-212 

87-7 

15 

•10 

13-203 

227 

38 

•65 

34-732 

86-4 

14 

•15 

13-526 

222 

37 

•70 

35-257 

86*1 

14 

•20 

13-854 

216 

30 

•75 

35-785 

83-9 

14 

•25 

14-186 

211 

35 

•80 

30-317 

82-7 

14 

•30 

14-522 

207 

34 

•85 

36-853 

81-5 

14 

•35 

14-862 

202 

34 

•90 

37-393 

80-2 

13 

•40 

15-205 

197 

33 

•95 

37-937 

79-1 

13 

•45 

15-553 

193 

32 





•50 

15-904 

189 

31 

700 

38-485 

78-0 

13 
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III. VICKERS HARDNESS 

Definition 

A pyramidal diamond indenter is pressed into the surfaco of the metal 
under a load of W kg. and the mean diagonal of the resultant indentation 
measured (d mm.). The Vickers hardness number, or Vickers diamond 
hardness (V.D.H.), is defined as 

\ .D.H. — ar ea of indentation 

The indenter lias an angle of 130° between opposite faces and 146° 
between opposite edges. From simple geometry this means that the 
pyramidal area of the indentation is greater than the projected area of 
the indentation by the ratio 1:0*9272. Hence 

0*9272 W 

V.D.H. projected area of indentation 

= 1*8544 W/d*. 

The value is expressed in kg./mm. J 

Vickers hardness and mean pressure 

The relation between the Vickers hardness and the mean yield pressure 
over the indentation (P m ) is simply 

V.D.H. = 0*9272P m . 

Loading 

The loads used usually range from 1 to 120 kg. Since the indentation 
is geometrically similar whatever its size, the Vickers hardness nmnber 
is practically independent of the load. 

Time of loading 

The load is generally applied for a period of 10 sec. or longer. 
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Table III (a) 

Vickers Diamond ( Pyramid ) Hardness for 10 -kg. Load 

(Note that for a given size of indentation the V.D.H. is directly pro- 
portional to the load W . For this reason, only one load is given in this 
table. Note also that with the §-in. objective, each scale division equals 
0*001 inm., whilst with the l|*in. objective, each scale division is equal 
to 0*0025 mm.) 


Diagonal oj 
indentation 

- 

Vic 

jkers hardness number (leg. /mm*). Load « 10 kg. 

0-001 mm. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

100 


1,818 

1,783 

1,749 

1,715 

1,682 

1,650 

1,610 

1,589 

1,561 

110 

1,533 

1,505 

1,478 

1,452 

1,427 

1,402 

1,378 

1,354 

1,332 

1,310 

120 

1,288 

1,267 

1,246 

1,226 

1,206 

1,187 

1,168 

1,150 

1,132 

1,115 

130 

1,097 

1,081 

1,064 

1,048 

1,033 

1,018 

1,003 

988 

974 

960 

140 

940 

933 

920 

907 

894 

882 

870 

858 

847 

835 

160 

824 

813 

803 

792 

782 

772 

762 

752 

743 

734 

160 

724 

715 

707 

698 

690 

681 

673 

665 

657 

649 

170 

642 

634 

627 

620 

613 

606 

599 

592 

585 

579 

180 

572 

566 

560 

554 

548 

542 

536 

530 

525 

519 

190 

514 

508 

503 

498 

493 

488 

483 

478 

473 

468 

200 

404 

459 

455 

450 

446 

442 

437 

433 

429 

425 

210 

421 

417 

413 

409 

405 

401 

397 

394 

390 

387 

220 

383 

380 

376 

373 

370 

366 

363 

360 

357 

354 

230 

351 

348 

345 

342 

339 

336 

333 

330 

327 

325 

240 

322 

319 

317 

314 

312 

309 

306 

304 

302 

299 

250 

297 

294 

292 

289 

287 

285 

283 

281 

279 

276 

260 

274 

272 

270 

268 

266 

264 

262 

260 

258 

256 

270 

254 

253 

251 

249 

247 

245 

243 

242 

240 

238 

280 

m 

235 

233 

232 

230 

228 

227 

225 

224 

222 

290 

221 

219 

218 

216 

215 

213 

212 

210 

209 

207 

300 

206 

205 

203 

202 

201 

199 

198 

197 

196 

194 

310 

193 

192 

191 

189 

188 

187 

186 

185 

183 

182 

320 

181 

180 

179 

178 

177 

176 

175 

173 

172 

171 

330 

170 

169 

168 

167 

166 

165 

164 

163 

162 

161 

340 

160 

160 

159 

158 

157 

156 

155 

154 

153 

152 

350 

151 

151 

150 

149 

148 

147 

146 

146 

145 

144 

360 

143 

142 

142 

141 

140 

139 

138 

138 

137 

136 

370 

136 

135 

134 

133 

133 

132 

131 

131 

130 

129 

380 

128 

128 

127 

126 

126 

125 

124 

124 

123 

123 

390 

122 

121 

121 

120 

120 

119 

118 

118 

117 

117 

400 

116 

115 

115 

114 

114 

113 

113 

112 

111 

111 

410 

110 

110 

109 

109 

108 

108 

107 

107 

106 

106 

420 

105 

105 

104 

104 

103 

103 

102 

102 

101 

101 


4930.20 


M 
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Table III (a) continued 


Diagonal oj 


Vickkrs hardness number (kg. Jmm*). Load = 10 kg. 


O'OOl mm. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

430 

100 

99*8 

99*4 

98*9 

98*5 

98*0 

97*6 

97*1 

96*7 

96*2 

440 

95-8 

95-3 

94*9 

94*5 

94*1 

93*6 

93*2 

92*8 

92*4 

92*0 

450 

91*6 

91-2 

90*8 

90*4 

90*0 

89*6 

89*2 

88*8 

88*4 

88*0 

460 

87-6 

87*3 

86*9 

86*5 

86*1 

85*8 

85*4 

85*0 

84*7 


470 

840 

83*6 

83*2 

82*9 

82*5 

82*2 

81*8 

81*5 

81*2 

80*8 

480 

80-5 

80*2 

79*8 

79*5 

79*2 

78*8 

78*5 

78*2 

77*9 

77*6 

400 

77-2 

76*9 

76*6 

T6»S 

76*0 

75-7 

75*4 

75*1 

74*8 

74*5 

500 

74-2 

79*9 

73*6 

73*3 

73*0 

72-7 

72*4 

72*1 

71*9 

71*6 

510 

71-3 

710 

70*7 

70*5 

70*2 

69*9 

69*6 

69*4 

69*1 

68*8 

520 

68-6 

68*3 

68*1 

67*8 

67*5 

67*3 

67*0 

66*8 

66*5 

66*3 

530 

66-0 

65*8 

65*5 

65*3 

65*0 

64*8 

64*5 

64*3 

64*1 

63*8 

540 

63-6 

63*4 

631 

62*9 

62*7 

62*4 

62*2 

62*0 

61*7 

61*5 

550 

61-3 

61*1 

60*9 

60*6 

60*4 

60*2 

60*0 

59*8 

59*6 

59*3 

560 

59-1 

58*9 

58*7 

58*5 

58*3 

58*1 

57*9 

57*7 

57*5 

57*3 

570 

57-1 

56*9 

56*7 

56*5 

56*3 

561 

55*9 

55*7 

55*5 

55*3 

580 

551 

54*9 

54*7 

54*6 

54*4 

54*2 

540 

53*8 

53*6 

53*4 

590 

53-3 

53*1 

52*9 

52*7 

52*6 

52*4 

52*2 

52*0 

51*9 

51*7 

600 

51-5 

51-3 

51*2 

51*0 

60*8 

50 * 7 * 

50*5 

50*3 

50*2 

500 

610 

49-8 

49*7 

49*5 

49*4 

49*2 

490 

48*9 

48*7 

48*6 

48*4 

620 

48-2 

481 

47*9 

47*8 

47*6 

47*5 

47*3 

47*2 

47*0 

46*9 

630 

46*7 

46*6 

46*4 

46*3 

46*1 

46*0 

45*8 

45*7 

45*6 

45*4 

640 

45*3 

45*1 

45*0 

44*8 

44*7 

44*6 

44 4 

44*3 

44*2 

440 

650 

43*9 

43*8 

43*6 

43*5 

43*4 

43*2 

43*1 

43*0 

42*8 

42*7 

660 

42*6 

42*4 

42*3 

42*2 

42*1 

41*9 

41*8 

41*7 

41*6 

41*4 

670 

41*3 

41*2 

41*1 

40*9 

40*8 

40*7 

40*6 

40*5 

40*3 

40*2 

680 

40 * 1 

40*0 

39*9 

39*8 

39*6 

39*5 

39*4 

39*3 

39*2 

39*1 

690 

39*0 

38*8 

38*7 

38*6 

38*5 

38*4 

38*3 

38*2 

38*1 

38*0 

700 

37-8 

37*7 

37*6 

37*5 

37*4 

37*3 

37*2 

37*1 

37*0 

36*9 

710 

36*8 

36*7 

36*6 

36*5 

36*4 

36*3 

36*2 

36*1 

360 

35*9 

720 

35*8 

35*7 

35*6 

35*5 

35*4 

35*3 

35*2 

35*1 

35*0 

34*9 

730 

34*8 

34*7 

34*6 

34*5 

34*4 

34*3 

34*2 

341 

34*0 

34*0 

740 

33*9 

33*8 

33*7 

33*6 

33*5 

33*4 

33*3 

33*2 

33*1 

33*1 

750 

33*0 

32*9 

32*8 

32*7 

32*6 

32*5 

32*4 

32*4 

32*3 

32*2 

760 

32-1 

32*0 

31*9 

31*8 

31*8 

31-7 

31*6 

31*6 

31*4 

31-4 

770 

31*3 

31*2 

31*1 

31*0 

30*9 

30*9 

30*8 

30*7 

30*7 

30*6 

780 

30-5 

30*4 

30*3 

30*3 

30*2 

30*1 

300 

29*9 

29*9 

29*8 

790 

29*7 

29*6 

29*6 

29*5 

29*4 

29*3 

29*3 

29*2 

29*1 

29*1 

800 

29*0 

28*9 

28*8 

28*8 

28*7 

28*7 

28*6 

28*5 

28*4 

28*3 

810 

28*3 

28*2 

28*1 

28*0 

28*0 

27*9 

27*8 

27*8 

27*7 

27*7 
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Table III (a) continued 
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IV. HARDNESS CONVERSION 

The values given here are approximate only and apply only to steels of 
uniform chemical composition and uniform heat treatment. The values 
are less reliable for non-ferrous materials and are not recommended for 
case-hardened steels. The greater part of the data is taken from the 
A.S.M. Handbook. 

Table IV (o) 

Hardness Conversion Table 


Brin ell 

10-mm. steel ball 
load 3,000 kg. 


Rockwell 

Shore 

rebound 

scleroscope 

no. 

Mohs’s 

scale 

Approx. 

ultimate 

tensile 

strength 

(tons/in*) 

diamond 
pyramid 
hardness 
(, kg.fmm .•) 

C 

150 kg. load 
120° diamond 

B 

100 kg. load 
is -in. steel 
ball 

Diam. 

(mm.) 

Hardness 
( kg. /mm .*) 

2-20 

780* 

1,150 

70 


100 

8-5 

~ 200 

•25 

745* 

1,050 

08 


100 

• • 


•80 

712* 

000 

00 


05 

.. 


•35 

082* 

885 

04 


91 



•40 

053* 

820 

02 


87 

8-0 


•45 

027* 

705 

00 


84 

.. 


•50 

001* 

717 

58 


81 

.. 

'-iso 

•55 

578* 

075 

57 


78 

7-5 


•CO 

555* 

033 

55 

~ 120 

75 

.. 


•05 

534* 

598 

53 


72 

.. 


•70 

614* 

507 

52 


70 

.. 


•75 

405* 

540 

50 


07 

.. 


•80 

477* 

515 

40 


05 

7*0 


•85 

461* 

404 

47 


03 

.. 

102 

•00 

444 

472 

40 


01 


98 

•95 

420 

454 

45 

'"'115 

50 

•• 

05 

300 

415 

437 

44 


57 

. . 

91 

•05 

40 L 

420 

42 


55 

0-5 

88 

•10 

388 

404 

41 


54 

.. 

84 

•15 

375 

389 

40 


52 


81 

•20 

303 

375 

38 

~110 

51 

. . 

70 

•25 

352 

303 

37 


49 

.. 

70 

•30 

341 

350 

30 


48 

.. 

74 

•35 

331 

330 

35 


40 

00 

71 

•40 

321 

327 

34 


45 

.. 

00 

•45 

311 

310 

33 


44 

.. 

07 

•50 

302 

305 

32 


43 

.. 

05 

•55 

293 

200 

31 


42 

.. 

03 

•00 

285 

287 

30 

105 

40 

. . 

02 

•05 

277 

270 

20 

104 

30 

5-5 

00 

•70 

200 

270 

28 

104 

38 


58 

•75 

202 

203 

20 

103 

37 

.. 

57 

•80 

255 

250 

25 

102 

37 

.. 

50 

•85 

248 

248 

24 

102 

30 


55 

•00 

241 

241 

23 

100 

35 

.. 

53 

•95 

235 

235 

22 

09 

34 


52 

4-00 

220 

220 

21 

08 

33 

. , 

50 

•05 

223 

223 

20 

07 

32 

.. 

49 

•10 

217 

217 

18 

00 

31 

.. 

48 

•15 

212 

212 

17 

00 

31 


47 

•20 

207 

207 

10 

05 

30 

5-0 

45 


* With the standard steel ball, Brinell hardness values above about 400 are not considered 
reliable. See Chapter IV, especially p. 55. 
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Table IV (a) continued 


Brikell 
10-mm. steel hall 
load 3,000 kg. 

Vickers 

diamond 

pyramid 

hardness 

(kg.'mm. 1 ) 

Rockwell 

Shore 

rebound 

scleroscope 

no. 

Mons’s 

scale 

Approx. 

ultimate 

tensile 

strength 

(tons/in.*) 

C 

150 kg. load 
120 9 diamond 
cone 

B 

100 kg. load 
is •in. steel 
ball 

Diam. 

(mm.) 

Hardness 

(kg.'mm.') 

4*25 

201 

201 

15 

04 

30 


44 

•30 

197 

197 

13 

03 

29 


43 

•35 

192 

192 

12 

92 

28 


42 

•40 

187 

187 

10 

91 

28 


42 

•45 

183 

183 

9 

90 

27 


41 

•50 

179 

170 

8 

80 

27 


40 

•55 

174 

174 

7 

88 

20 


30 

•60 

170 

170 

0 

87 

20 


38 

•65 

167 

107 

4 

80 

25 


37 

•70 

163 

103 

3 

85 

25 


37 

•75 

159 

150 

2 

84 

24 

4-5 

30 

•80 

156 

150 

1 

83 

24 


35 

•85 

152 

152 


82 

23 


34 

•90 

149 

140 


81 

23 


33 

•05 

140 

146 


80 

22 


33 

5-00 

143 

143 


79 

22 


32 

•05 

140 

140 


78 

21 


32 

•10 

137 

137 


77 

21 


31 

•15 

134 

134 


70 

21 


30 

•20 

131 

131 


74 

20 


20 

•25 

128 

128 


73 

20 


29 

•30 

126 

120 


72 



29 

•35 

123 

123 


71 



28 

•40 

121 

121 


70 



28 

•45 

118 

118 


69 



27 

•50 

116 

116 


08 



27 

•55 

114 

114 


67 



20 

•00 

111 

111 


66 



20 

•65 

109 

109 


05 



25 

•70 

107 

107 


64 



25 

•75 

105 

105 


02 



24 

•80 

103 

103 


01 



24 

•85 

101 

101 


00 



23 

•90 

90 

09 


59 



23 

*05 

97 

97 


57 



22 

600 

96 

90 

•• 

56 

•• 


22 


106 
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V. HARDNESS AND 
ULTIMATE TENSILE STRENGTH 

In Table V (a) approximate values are given for the ratio C , whoro 
Ultimate tensile strength = C X Brinell hardness number. 

Since the B.H.N. is always given in kg./mm. 1 , the constant C has 
different values depending on whether the ultimate tensile strength is 
measured in tons/in. 2 or in kg./mm. 1 It should be emphasized that 
these values, which are taken largely from Greaves and Jones and from 
O’Noill, are only approximate since C depends appreciably on the degree 
of work-hardening of the metal. (For further details see Chapter V.) 

Table V (o) 

Hardfiesa and Ultimate Tensile Strength 




( 

Tf 

Meted 

Condition 

tons/in . 2 

kg./mm . # 

Non-Ferrous 




Aluminium 

Annoalod 

0*33-0-36 

0*52-0*57 


Drawn 

0*27 

0*43 


Heavily worked 

0*21-0*23 

0*33-0*36 

Brass, bronze 

Annealed 

0*33-0*36 

0*52-0*57 


Cold-worked 

0*26 

0*41 

Copper 

Annealed 

0*33-0*36 

0*52-0*57 


Cold -worked 

0*24-0*26 

0*38-0*41 

Duralumin 

Annealed 

0*23-0*24 

0*36-0*38 


Agod 

0-22-0*23 

0*34-0*36 

Lead 

Cast, rolled 

0*27 

0*43 

Nickel 

Annealed 

0*31 

0*49 


Cold-workod 

0*26 

0*41 

Tin 

Cast, rolled 

0*29 

0*46 

Ferrous 




Armco iron 

Annealed 

0*22 

0*35 

Alloy stools 

Hoat-treated B.H.N. < 250 

0*215 

0*34 


B.H.N. 250-400 

0*21 

0*33 

Carbon steels 

Rollod, normalized, annealed 

0*22 

0*35 

(medium) 

Heat-treated 

0*215 

0*34 

Mild stool 

Rollod, normalized, annealed 

0*23 

0*36 
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VI. SOME TYPICAL HARDNESS VALUES 

TnE hardness of metals and alloys depends on their exact composition, 
their crystal size, and in particular on their degree of work-hardening. 
For this reason the values given in Table VI (a) should bo considered as 
typical values rather than as absolute values. Most of the data are taken 
from the A.S.M. Handbook (1948 edition). 

Table VI (a) 

Typical Hardness Values 





Ultimate 




tensile 



B.HJ V. 

strength 

Metal or alloy 

Condition 

(kg./mm. 1 ) 

(tons/in 1 ) 

Aluminium 99*97 

Annealed 

16 

3-4 


Cold roiled 75% 

27-30 

7-8 

99*5 

Cast 

20 

5 


Hot rolled 

30 

7 


Cold rollod 

40 

9 

99*3 

Cold rolled 

45 

10-11 

Aluminium-magnesium 1 
A1 94 Mg 6 j 

Rolled 

70 

18 

Aluminium-manganese 1 

Annealed 

28 

8 

A1 98*8 Mn 1*2 / 

Rolled 

55 

12-14 

Aluminium-nickel \ 

A1 90 Ml 10 j 

Aluminium— zinc— ^ 

Rollod 

50 

11 

magnosium-coppor 

Annealed 

60 

14 

Zn 6*4 Mg 2*5 Cu 1*2 

Quenched and aged 

170 

36 

remainder A1 J 




Antimony 

Cast 

30-60 

. . 

Arsenic 

Cast 

147 

, . 

Beryllium-copper 

Quenched 

150 

33 

Be 2 Cu 98 

Quenched and rolled 
Quenched and pre- 

220 

50 


cipitation hardened 

360-400 

80-90 

Bismuth 

Cast 

11-12 

. , 

Brass \ 

Annealed 

80-100 

20 

a : Cu 70 Zn 30 > 

Rolled hard 

140 

30 

(cartridge) ) 

Spring 

190 

42 

|3 : Cu 60 JCn 40 (Muntz) j 

Annealed 

Hard 

80-100 

140 

25 

30 

Bronze 




Cu 96 Sn 4 

Cost and annealed 

60 

14 

Cu 90 Sn 10 

{see phosphor-bronze) 

Cast and annealed 

80 

19 

Cadmium 

Cast 

23 

5-6 

Calcium 

Cast 

17 

4 

Cerium 

•• 

28 

•• 
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Table VI (a) continued 





Ultimate 




tensile 



B.H.N. 

strength 

Meted or alloy 

Condition 


(i lonsjin .*) 

Chromel 




A. Ni 82-5 Cr 15 Fe 1 

Rolled hot 

175-210 

50-56 

B. Ni 77-5 Cr 20 Fo 1 

Rolled hot 

180-220 

50-57 

C. Ni 61 Cr 12 Fe 25 

Rolled hot 

180-200 

40-50 

Chromium 

Cast 

100-170 


,, electroplate 

Hard bright 

500-1,250 

, • 


Annealod 

~ 100 

• • 

Cobalt 

Annealed 

48 

16 

99 

Drawn 

140 

43 

,, electroplate 

Bright 

300 

• • 

Constantan 

Annealod 

80-100 

25-30 

Ni 45 Cu 55 

Cold rolled 

120-300 

30-60 

Copper, pure 

Annealod 

30-40 

9-12 


Heavily worked 

100-120 

22-28 

f , high conductivity 

Annealed 

40 

12-14 


Hard sheet 

80 

20-24 


Hard drawn wire 

90-130 

20-28 

Coppor-aluminium 




bronzes 




Cu 95 A1 5. a form 

Hot rollod 

124 

26 

Cu 00 A1 10. 0 form J 

Cast 

Hot rolled 

130 

'200 

30-32 

40-45 

Cu 82-5 A1 10Ni5Fo2-5 
Copper-lead bearing 

Heat treated 

250 

50 

alloys 




Pb 27, non-dendritic 

Cast 

35 

, , 

Pb 20, dendritic 

Cast 

25 

. . 

Copper-nickel alloys 




Cu 55 Ni 18 Zn 27 \ 

Annealod 

90 

25 

(nickel silver) ) 

Cold rolled 

220 

50 

Cu 70 Ni 30 | 

‘Soft’ 

50-70 

20-25 

(cupro-nickel) / 

Hard worked 

140 

35 

Duralumin \ 

Annealed 

40 

8-10 

A1 93-5 Cu 4-4 Mg 1-5 

Heat treated 

100 

25 

Mn 0-6 ) 

Cold rolled 

120 

30 

Gallium, puro 

Cast 

6-7 

. . 

Gold, pure 

Cast 

30 

8-10 


Hard drawn 

60-70 

15-16 

Gun-metal 

Annealed 

50-100 

11-22 


Work -hardened 

190 

45 

Indium, puro 

Cast, rolled 

1 

, . 

Iridium, pure 

Cast 

170 

. . 


Hard rolled 

350 

•• 
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Table VI (a) continued 





Ultimate 




tensile 



B.H.N. 

strength 

Metal or alloy 

Condition 

( kg. /mm .*) 

(tonsjin. 1 ) 

Iron, pure 

Electrolytic, annealed 

70 

20 


„ worked 

200 

45 

,, cast 

Chilled 

450 

, , 


Grey 

150-240 

. . 


Ccntrifugally cast 

200 

. . 


* Whiteheart ’ malle- 
able 

150-200 


Lanthanum 

. . 

37 

, # 

Lead 99-9 

Cast 

4 

0*8 


Rollod 

4 

1*4 

Lead-antimony (hard \ 
load) 

Pb 96 Sb 4 J 

Rollod 

Quenched and aged 

8 

24 

2 

5 

Jx>ad-tin (soft solders) \ 
Pb 30 Sn 70 } 

Cast 

12 

3 

Pb 37 Sn 63 J 

Lead -bearing alloy \ 

Cast 

14 

4 

Pb 78-5, Sb 15, Sn 6, 

Cast 

21 

, , 

Cu 0*5 J 




Magnesium 99*98 

Sand cast 

30 

6*7 


Drawn and annealed 

40 

10-12 


Hard drawn 

50 

12-16 

Magnesium-aluminium \ 




Mg in s w 8 lCn 0-S 

Cast 

50 

14 

(Dow metal A) I 

Magnesium-silicon (Si 1*2) 

Drawn 

80 

18 

Magnesium-zinc (Zn 3 

Drawn 

80 

20 

Al 0-5) 

Manganese 

Manganese-bronze 

y form, quenchod 

300 

30 

(medium) 

Worked 

110-120 

29-37 

(high tensile) 

Heavily workod 

200-270 

45-50 

Molybdenum 

Drawn 

160-180 

30-40 


Sintorod 

160 

, . 

Monel metal 

Cast 

100-140 

32-37 

Ni 67 Cu 30 j 

Cold drawn 

160-250 

37-56 

Spring tempor 

~300 

60-75 

Nickel 99*95 

Annealed 

70-80 

20 


Electroplate 

200-400 

. . 

99*4 

Annealed 

90-120 

22-30 


Drawn 

125-230 

30-55 

Nickel-iron (C < 0*1) 




Ni 36 Fo 64 (Invar) 

Rolled 

160 

38 

Ni 43 Fe 57 (magnetic) 
N ickol-manganese 

Rolled 

200 

45 

Ni 95 Mn 4*5 

Hot rollod 

150 

38 


170 
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Table VI (a) continued 





Ultimate 




tensile 



j b./ijv. 

strength 

Metal or alloy 

Condition 

{kg./mm. 1 ) 

( tons/in .*) 

Osmium, pure 

Cast 

4-00 

• . 

Palladium (99*9+) 

Annealed 

40 

10 

Drawn 

100 

22 

Phosphor-bronze A \ 

Soft 

90 

20-25 

Sn 3-8-58, P 0-03-0-35 

Hard 

150-180 

30-40 

remainder Cu. / 

Spring 

190-220 

44-50 

Platinum, pure 

Annealed 

40 

9 

Drawn 

100 

21 


Electroplated 

~600 

. • 

Platinum-iridium 




Pt 95 Ir 5 

Annealed 

90 

18 

Hard worked 

140 

32 

Pt 90 Ir 10 

Annoaled 

130 

25 

Hard worked 

190 

40 

Pt 75 Ir 25 

Annealed 

Hard worked 

240 

310 

56 

80 

Platinum-rhodium 

Annealed 

90 

20 

Pt 90 Rh 10 / 

Hard worked 

170 

40 

Potassium 

Cast 

0-037 

• . 

Praesodymium 

• • 

25 

. . 

Rhodium 

Cast, annealed 

135 

35 


Hard worked 

390 

90 


Electroplated 

- 800 

• . 

Ruthenium 

Cast 

220 

• . 

Silvor, pure 

Annealed at 650° C. 

25 

8-10 

Hard drawn 

80 

20-23 


Electroplated 

~100 

• • 

Silver-copper \ 

Ag 92-5 Cu 7-5 
(sterling) ) 

Quenched 

Quenched and aged 

50 

100-140 

16-20 

27-30 

Sodium 

Cast 

0-07 

•• 

Steels 




C008 

Annealed 

100-110 

22-25 

Worked 

160 

31 

Steel (mild) \ 

Annealed 

120 

30 

C 0-2-0-3 

Worked 

200 

45-50 

Steel (medium carbon) \ 

Annoaled 

130 

35 

0 0-35 j 

Worked 

250 

50 

Steel (high carbon) | 

Annealed 

140 

35-40 

C 0-5 / 

Worked 

300-400 

60-80 

Steel (stainless) \ 

18 Cr 8 Ni 01 C / 

Quenched 

250 

•• 

Tantalum 

Annoaled 

60 

22 


Worked 

260 

60-70 

Thorium 

•• 

•• 

35 
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Table VI (a) continued 


M etal or alloy 

Condition 

B.H.N. 

( kg./mm .*) 

Ultimate 

tensile 

strength 

{tons/in. 1 ) 

Tin 99-95 

Cast, annealod 

5 

1-4 


,, rolled 

6 

1-5 

Tin-babbitts 




Sn 91 Sb 4-5 Cu 4-5 

Chill cast 

17 

4-5 

Sn 89 Sb 7-5 Cu 3-5 

tf »t 

24 

5-6 

Sn 83-4 Sb 8-3 Cu 8-3 

ft tt 

30 

5 

Sn 65 Pb 18 Sb 15 Cu 2 

tr tt 

23 


Titanium, pure 

Annealed 

200 

35 

Cold -worked 

, , 

50 

Tungsten, pure 

Sintered 

260 

. . 


Heavily swaged 

490 

. . 


Heavily drawn wire 

1,000 

270 

Tungsten carbide 




(Co 3-12) 

Cemented 

1250-1460 

. . 

Wood’s metal 

Cast 

16 

4 

Zinc, pure 

Cast 

30 

. : 


Rolled 

35 

8-12 

Zinc, commercial \ 

Hot rolled 

40 

10 

(Pb 0-08) ] 

Zinc die-casting alloys 




A1 4 Mg 0-04 

Cast 

80 

18 

A1 4 Mg 0-04 Cu 1 

Cast 

90 

20 

A1 4 Mg 0-04 Cu 3 

Cast 

100 

24 


Table VI (b) 

Physical Properties of Typical Indcnter Materials 


Material 

Young' 8 modulus 

10 l 1 dynes/ cm. 1 

Hardness 
kg./mm . 2 

Steel (Ball bearing steel) 
Tungsten carbide (sintered. 

2 

900 

3-13% cobalt) 

6-8-56 

1,600-1,200* 

Sapphire (synthetic) 

3-7 

1,600-2,000* 

Silicon carbide 

4 

2,100* 

Boron carbide (mouldod) 

5 

( Cubic axis 7-2 \ 

2,230* 

Diamond 

J Diag. of cube faco 9-3 > 
l Diag. of cube coll 10-2 J 

6,000-6,500* 


* Knoop hardness. See Industrial Diamond Review , 1940, 1,2; ibid. 1945, 
5, 103. 
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SUBJECT INDEX 


Adhesion of metals, effect of released 
elastic stresses on, 90-3. 

Area of contact, general, 141-53 ; real, 
145-53. 

Asperities, deformation of, spherical, 
61-4, 141-3; conical, 143-5. 
role of, in determining area of real 
contact, 141 et seq. 

Brinell hardnoss, 3, 6-17. 

comparison of, with Moyer’s hard- 
ness, 11-12, 164-5; with Mono- 
tron hardness, 111, 164-5; with 
Rockwell hardnoss, 111, 164-5; 
with Vicker’s hardness, 58-9, 99, 
106, 112-13, 164-5. 
definition of, 6, 155. 
effect of surface roughness on, 14, 
63-4. 

of very hard metals, 55-60. 
processes involved in, 93-4. 
strainless indentation in, 15-16, 65. 
table of values, 167. 
ultimate tensile strength and, 16- 
17, 79-83, 166. 

— indentations, olastic recovery of, 
14, 85-94, 118-20; piling-up and 
sinking-in of, 15; shallowing of, 14, 
85-94 ; yield stress in free surface of, 
72. 

Coefficient of restitution, 129-30. 
Conical indenters, indentation by, 
95-114. 

Deformation of metals ; see olastic 
properties and plastie deformation. 

— by spherical indenters, elastic, 44- 
6, 85-94, 126-9, 130-1. 

plastic, comploto plasticity in, 47- 
9, 51 ; Ishlinsky solution of, 48- 
50 ; onset of plasticity in, 46-7. 
Diamond indenters, deformation of, 
58. 

hardness of, 56, 101, 171. 
use of, 3, 55-9, 98, 100. 

Dynamic hardness, 4, 115-40. 
comparison of, with static, 137-8, 
definition of, 115. 


four main stages involved in, 116- 
17. 

meaning of, 138-9. 

Elastic equations; see Hertz’s equa- 
tions. 

— limit ; see yield stress. 

— properties of indenters, effect of, 
on Brinell hardness, 55-60. 

of motals, comparison with 

plastic, 25-6. 

effect of, on olastic recovery, 85-94, 
118-20; on real area of contact, 
147-8; on onset of plastic defor- 
mation, 53-4, 61-2 ; on rebound, 
118-24, 126-8; on time of im- 
pact, 130-1. 

— recovery of indentations, 14, 85- 
94, 118-20. 

effect of, on adhesion, 90-3 ; on area 
of real contact, 147-8. 

Electrical conductance, use of, in de- 
termining time of impact, 133-7 ; in 
measuring aroa of real contact, 
148-53. 

Firth hardnoss, 98. 

Friction, effect of, on indentation by 
conical indonters, 95-7; by flat 
punch, 37-40; by fiat circular 
punch, 41-2 ; by spherical indon- 
ters, 49. 

on plastic deformation, 33, 37-40, 
41-2. 

Geometric similarity, principle of, 
in Brinell hardnoss measurements, 
6-11, 67-9; in Vickers hardness 
measurements, 101, 105. 

Hardnoss, conversion table, 164-5. 

— definition of, 1, 6-7, 95-6, 115— 
16; meaning of, 93-4, 112-13, 138- 
9; typical values of, 167-71; see 
under Brinell, Dynamic, Firth, 
Knoop, Ludwik, Monotron, Pen- 
dulum, Rockwell, Scratch, Shore, 
Vickers. 

Hertz’s equations, for elastic deforma- 
tion, 44-6 ; for elastic recovery, 86-8, 
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92, 118; for elastic collisions, 127, 
130-1. 

Ideal plastic metal, approximation to, 
23-4, definition of, 21. 
deformation of, by flat punch, 34-7 ; 
by flat circular punch, 40-2 ; by 
sphorical indontor, 47-51 ; by 
wedge-shaped indentor, 101-3. 

Impact, elastic, 126-9. 

onsot of plastic deformation in, 
126-8. 

plastic, 115-40. 
through liquid films, 137. 
time of, for elastic collisions, 1 30-1 ; 
for plastic collisions, 132-3; 
measurement of, 133-7. 

Indentation, by conical and pyra- 
midal indentors, 95-101, 103-7; 
effect of friction on, 95-7, 104 ; on- 
sot of plastic deformation in, 105. 
by spherical indonters, for ideal 
plastic motals, 44-66 ; for metals 
which work harden, 67-83; role 
of elastic recovery in, 84-94. 
by wedge -shaped indentors, 101-3. 

Indentational strain, for pyramidal 
indentor, 105-6; for sphorical in- 
dentor, 73-6. 

Indentors ; see conical, diamond, pyra- 
midal, spherical, tungsten carbide. 

Junctions, metallic, role of, in frictional 
mechanism, 90; in adhesion, 90-3. 
size of, by eloctrical measurement, 
151-3. 

Knoop hardness, definition of, 100; 
indenter for, 100. 

Ludwik hardness, 3; definition of, 
•5 -7. 

Metallic bridges (junctions), rolo of, 
in adhesion, 90-3 ; in friction, 90. 
size of, 151-3. 

Meyer hardness, 7-8 ; comparison 
with Brinell, 11-12, 158, 164-5; 
tablo of values, 159. 

— index, definition of, 8. 

influence of, on ultimate tensile 
strength, 82, 107-8. 
relation between, and stress-strain 
index, 78. 


variation of, with load, 12-14, 52-4, 
60. 

Meyor’s laws, 8-11 ; derivation of, 76- 
8 ; range of validity of, 12-14, 51-4. 
Monotron hardness, 11, 107-12; com- 
parison with Brinell, 111. 

Onsot of plasticity,comparison of, stat ic 
and dynamic conditions for, 127-8. 
occurrence of, with impacting 
spheres, 126-8; with pyramidal 
indentors, 105; with spherical 
asperities, 61-4, 141-3; with 
spherical indonters, 46-7, 50, 

• >2—5. 

Pendulum hardness (Herbert), 4. 
Piling-up and sinking-in, with pyra- 
midal indentors, 99-100, 106-7; 
with spherical indonters, 15, 64-5. 
Plastic deformation, by a flat punch, 
34-7. 

by a flat circular punch, 40-2; 

pressure distribution for, 42. 
by a spherical indenter, 47-51; 

pressure distribution for, 49, 89. 
by a wedgo-shaped indenter, 101-3. 
Haar-Kannan criterion of, 30, 40-1 , 
48. 

Huber-Mises criterion of, 29-31, 33 
37-9, 46. 

Tresca (Mohr) criterion of, 29-31 
33, 37-9. 

under compression, 24, 33-4. 
undor combined stresses, 28-30. 
under tension, 19-24, 26-8. 

two-dimensional, conditions for, 

30 et soq. ; Hencky relation for, 32 ; 
influence of friction on, 33, 37-40 ; 
of slab betwoon flat anvils, 33-4; 
slip-lino field for, 32 et soq. 

• — properties and elastic properties of 
metals, 26. 

Pressure distribution, over plastic in- 
dentation, for flat punch, 36; for 
flat circular punch, 42 ; for sphorical 
indontor, 49, 89 ; for wedge-shaped 
indontor, 101-3. 

with spherical indentors, for 

elastic deformation, 45, 89 ; for 
plastic doformation, 42, 49, 89. 

— load characteristic, for indentation 
by sphere, 49-51. 
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Pyramidal indonters, gonoral, 97-113. 
indentation by, of work-hardenod 
metals, 104; of motals which 
work-hardon, 105-6. 
indentational strain produced by, 
105-6. 

Rebound hardness ; see dynamic 
hardness. 

— height, as function of dynamic 
yield pressure, 123—5 ; of indenta- 
tion volume, 121-2. 

for elastic collisions, 127. 

Rockwoll hardness, 107-12; compari- 
son with Brinell, 111, 164-5. 

Scratch hardness (Mohs), 1-2; com- 
parison with Brinell, 164-5. 

— sclorometer, 3. 

Shallowing of indentations, 84-94 ; see 
elastic recovery. 

Shore rebound scleroscope, 4, 125-6; 
comparison with Brinell, 126, 
164-5. 

Spherical indonters, deformation of, 
54-5. 

indentation by, of ideal plastic 
metals, 44-66; of metals which 
work -harden, 67-83 ; role of 
elastic recovery in, 84-94, 147. 

Spreading resistance; see electrical 
conductance. 

Strain, linear, areal, and logarithmic, 
19-21. 

Strainless indentation, 15—16, 65—6. 

Stress-strain curves, relation of, with 
hardness, 71-6, 106. 
undor tension, tmo, 19-26, 80; 

nominal, 26-7, 80. 
undor tension and compression, 
24-5. 

Stress-strain index (work-liardoning 
index), 22, 24-5, 76. 


rolation of, with Moyer index, 78; 
with ultimato tensile strength, 
79-83, 107-8. 

Surface roughness, effect of on hard- 
ness, 61-4; on area of contact, 
141 et soq. 

Tungsten carbide indentors, deforma- 
tion of, 58; hardness of, 56, 171; 
use of 3, 55-60. 

Ultimate tensile strength, relation of, 
with Brinell hardnoss, 16-17, 79- 
83, 166; with Vickers hardnoss, 
107-8. 

tablo of values, 167-71. 

Vickers hardness, 3. 

comparison with Brinell, 58-9, 99, 
106, 112-13, 164-5. 
definition of, 98, 160. 
indenter for, 98. 

relation of, with ultimate tensile 
strength, 107-8; with yield 
stross, 104-6. 
tables for, 160-3. 

Work-hardening, effect of, on dynamic 
yield pressure, 1 20-1 ; on static 
hardness, 8-12, 67-76, 105-6. 

— indox ; see stress-strain index. 

Yield pressure (dynamic), 117-21, 
123-5. 

(static), definition of, 50. 

measurement of, with conical in- 
donters, 95-7 ; with spherical in- 
donters, 51, 67-76; with pyra- 
midal indonters, 103-7. 
theoretical calculation of, for circu- 
lar punch, 40-2; for sphorical 
indenter, 46-9 ; for wodgo-shapod 
indenter, 101-3. 

— stross, 22 ot soq. ; connexion of, 
with strain, 22, 76. 


